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Abstract

In thispaperweconsidertheproblemof computingthe3D shapeof anunknown,arbitrarily-shapedscene
from multiplecolorphotographstakenatknown but arbitrarily-distributedviewpoints.By studyingtheequiv-
alenceclassof all 3D shapesthatreproducetheinputphotographs,weprovetheexistenceof aspecialmember
of thisclass,themaximalphoto-consistentshape, that(1) canbecomputedfrom anarbitraryvolumethatcon-
tainsthescene,and(2) subsumesall othermembersof thisclass.We thengivea provably-correctalgorithm,
calledSpaceCarving,for computingthisshapeandpresentexperimentalresultsfrom applyingit to therecon-
structionof geometrically-complex scenesfrom severalphotographs.Theapproachis speci�cally designed
to (1) build 3D shapesthatallow faithful reproductionof all input photographs,(2) resolve thecomplex in-
teractionsbetweenocclusion,parallax,shading,andtheir effectson arbitrarycollectionsof photographsof a
scene,and(3) follow a “leastcommitment”approachto 3D shaperecovery.
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1 Intr oduction

A fundamentalproblemin computervision is reconstructingthe shapeof a complex 3D scenefrom multiple

photographs.While currenttechniqueswork well undercontrolledconditions(e.g.,small stereobaselines[1],

activeviewpointcontrol[2], spatialandtemporalsmoothness[3–5], or scenescontainingcurvedlines[6], planes

[7], or texture-lesssurfaces[8–12]),very little is known aboutscenereconstructionundergeneralconditions.In

particular, in theabsenceof a priori geometricinformation,whatcanwe infer aboutthestructureof anunknown

scenefrom
�

arbitrarily positionedcamerasat known viewpoints?Answeringthis questionhasespeciallyim-

portantimplicationsfor reconstructingrealobjectsandenvironments,whichoftentendto benon-smooth,exhibit

signi�cant occlusions,andmaycontainbothstrongly-texturedaswell astexture-lesssurfaceregions(Fig. 1).

In this paper, we develop a theory for reconstructingarbitrarily-shapedscenesfrom arbitrarily-positioned

camerasby formulatingshaperecoveryasaconstraintsatisfactionproblem.Weshow thatany setof photographs

of a rigid scenede�nes a collectionof picture constraints that aresatis�ed by every sceneprojectingto those

photographs.Furthermore,we show how to characterizethe setof all 3D shapesthat satisfytheseconstraints

andusetheunderlyingtheoryto designa practicalreconstructionalgorithm,calledSpaceCarving, thatapplies

to fully-generalshapesandcameracon�gurations.In particular, weaddressthreequestions:

� Given
�

input photographs,canwe characterizethe setof all photo-consistentshapes, i.e., shapesthat

reproducethe input photographswhenassignedappropriatere�ectancepropertiesandarere-projectedto

theinputcamerapositions?

� Is it possibleto computeashapefrom this setandif so,whatis thealgorithm?

� Whatis therelationshipof thecomputedshapeto all otherphoto-consistentshapes?

Our goal is to studythe
�

-view shaperecovery problemin thegeneralcasewhereno a priori assumptions

aremadeaboutthescene's shapeor aboutthe input photographs.In particular, we addresstheabove questions

for thecasewhen(1) no a priori constraintsareimposedon scenegeometryor topology, (2) no constraintsare

imposedon the positionsof the input cameras,(3) no informationis availableaboutthe existenceof speci�c

imagefeaturesin theinputphotographs(e.g.,edges,points,lines,contours,texture,or color),and(4) noa priori

correspondenceinformationis available.Unfortunately, eventhoughseveralalgorithmshave beenproposedfor

recoveringshapefrom multiple views thatwork undersomeof theseconditions(e.g.,work on stereo[13–15]),

very little is currentlyknown abouthow to answerthe above questions,andeven lessso abouthow to answer

themin thisgeneralcase.
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(a) (b)

Fig. 1: The scenevolumeand cameradistribution coveredby our analysiscanboth be completelyarbitrary.

Examplesinclude(a)a3D environmentviewedfrom acollectionof camerasthatarearbitrarilydispersedin free

space,and(b) a3D objectviewedby asinglecameramoving aroundit.

At the heartof our work is the observation that thesequestionsbecometractablewhensceneradiancebe-

longstoageneralclassof radiancefunctionswecall locallycomputable. Thisclasscharacterizesscenesfor which

globalilluminationeffectssuchasshadows,transparenciesandinter-re�ectionscanbeignored,andis suf�ciently

generalto includesceneswith parameterizedradiancemodels(e.g.,Lambertian,Phong[16], Torrance-Sparrow

[17]). Usingthis observationasa startingpoint,we show how to compute,from
�

arbitraryphotographsof an

unknown scene,a maximalphoto-consistentshapethatenclosesthesetof all photo-consistentreconstructions.

Theonly requirementsarethat(1) theviewpoint of eachphotographis known in a common3D world reference

frame(Euclidean,af�ne [18], or projective [19]), and(2) sceneradiancefollowsaknown, locally-computablera-

diancefunction.Experimentalresultsillustratingourmethod'sperformancearegivenfor bothrealandsimulated

geometrically-complex scenes.

Centralto ouranalysisis therealizationthatparallax,occlusion,andsceneradianceall contributeto aphoto-

graph'sultimatedependenceonviewpoint. Sinceournotionof photo-consistency implicitly ensuresthatall these

3D shapecuesaretakeninto accountin therecoveryprocess,ourapproachis relatedto work onstereo[1,14,20],

shape-from-contour[8,9,21],aswell asshape-from-shading[22–24].Theseapproachesrely onstudyingasingle

3D shapecueundertheassumptionsthat(1) othersourcesof variability canbesafelyignored,and(2) theinput
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photographscontainfeaturesrelevantto thatcue[25].1 Unfortunately, theseapproachescannotbeeasilygeneral-

izedto attackthe
�

-view reconstructionproblemfor arbitrary3D scenesbecauseneitherassumptionholdstrue

in general.Implicit in this previouswork is theview thatuntanglingparallax,self-occlusionandshadingeffects

in
�

arbitraryphotographsof a sceneleadsto a problemthatis eitherunder-constrainedor intractable.Herewe

challengethis view by showing that shaperecovery from
�

arbitraryphotographsof anunknown sceneis not

only a tractableproblembut hasasimplesolutionaswell.

To our knowledge,no previoustheoreticalwork hasstudiedtheequivalenceclassof solutionsto thegeneral
�

-view reconstructionproblem,the ambiguitiesit embodies,or provably-correctalgorithmsfor computingit.

The SpaceCarvingAlgorithm that resultsfrom our analysis,however, doesoperatein a 3D scenespaceand

is thereforerelatedto otherscene-spacestereoalgorithmsthathave beenrecentlyproposed[27–34]. Of these,

mostcloselyrelatedarerecentmesh-based[27] andlevel-set[35] algorithms,aswell asalgorithmsthatsweepa

planeor othermanifoldthrougha discretizedscenespace[28–30,33]. While thealgorithmsin [27,35] generate

high-qualityreconstructionsandperformwell in thepresenceof occlusions,theiruseof regularizationtechniques

penalizescomplex surfacesandshapes.Evenmoreimportantly, noformalstudyhasbeenundertakento establish

theirvalidity for recoveringarbitrarily-shapedscenesandfor thecasewhereimagesaretakenunderfully-general

cameracon�gurations(e.g.,theoneshown in Fig. 1(a)). In contrast,our SpaceCarvingAlgorithm is provably

correctandhasno regularizationbiases.Eventhoughspace-sweepapproacheshave many attractive properties,

existing algorithms[28–30,33] arenot generali.e., they rely on thepresenceof speci�c imagefeaturessuchas

edgesandhencegenerateonlysparsereconstructions[28], or they placestrongconstraintsontheinputviewpoints

relative to thescene[29,30]. Our implementationof theSpaceCarvingAlgorithm alsousesplanesweeps,but

unlike all previousmethodsthealgorithmguaranteescompletereconstructionsin thegeneralcase.

Ourapproachofferssix maincontributionsover theexistingstateof theart:

1. It introducesan algorithm-independentanalysisof the shaperecovery problemfrom
�

arbitrary pho-

tographs,makingexplicit theassumptionsaboutsceneradianceandfreespacerequiredfor solving it as

well as the ambiguitiesintrinsic to the problem. This analysisnot only extendsprevious work on re-

constructionbut alsoputsforth a concisegeometricalframework for analyzingthe generalpropertiesof

recently-proposedscene-spacestereotechniques[27–34]. In this respect,our analysishasgoalssimi-

lar to thoseof theoreticalapproachesto structure-from-motion[36], althoughthe differentassumptions

employed (i.e., unknown vs. known correspondences,known vs. unknown cameramotion), make the
1Examplesincludetheuseof thesmallbaselineassumptionin stereoto simplify correspondence-�ndingandmaximizejoint visibility

of scenepoints[26], the availability of easily-detectableimagecontoursin shape-from-contourreconstruction[9], andthe assumption
thatall views aretakenfrom thesameviewpoint in photometricstereo[24].
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geometry, solutionspace,andunderlyingtechniquescompletelydifferent.

2. Our analysisprovidesa volumewhich is the tightestpossibleboundon the shapeof the true scenethat

canbe inferredfrom
�

photographs.This boundis importantbecauseit tells us preciselywhat shape

informationwe canhopeto extract from
�

photographs,in the absenceof a priori geometricandpoint

correspondenceinformation,regardlessof thespeci�c algorithmbeingemployed.

3. TheSpaceCarvingAlgorithm presentedin this paperis theonly provably-correctmethod,to our knowl-

edge,that enablesscenereconstructionfrom input camerasat arbitrary positions. As such, the algo-

rithm enablesreconstructionof complex scenesfrom viewpointsdistributedthroughoutan unknown 3D

environment—anextremeexampleis shown in Fig. 10 wherethe interior andexterior of a housearere-

constructedsimultaneouslyfrom camerasdistributedthroughouttheinsideandoutsideof thehouse.

4. Becauseno constraintson the cameraviewpoints are imposed,our approachleadsnaturally to global

reconstructionalgorithms[12,37] that recover 3D shapeinformation from all photographsin a single

step.Thiseliminatestheneedfor complex partialreconstructionandmergingoperations[38,39] in which

partial3D shapeinformationis extractedfrom subsetsof thephotographs[32,40–42],andwhereglobal

consistency with theentiresetof photographsis notguaranteedfor the�nal shape.

5. We describea simplemulti-sweepimplementationof theSpaceCarvingAlgorithm thatenablesrecovery

of photo-realistic3D modelsfrom multiplephotographsof realscenes.

6. Becausethe shaperecoveredvia SpaceCarving is guaranteedto be photo-consistent,its reprojections

will closelyresemblephotographsof the true scene.This propertyis especiallysigni�cant in computer

graphics,virtual reality, andtele-presenceapplications[40,43–47]wherethephoto-realismof constructed

3D modelsis of primaryimportance.

1.1 Least-CommitmentShapeRecovery

A key consequenceof our photo-consistency analysisis that no �nite setof input photographsof a 3D scene

canuniquelydeterminethescene's 3D shape:in general,thereexistsanuncountably-in�niteequivalenceclass

of shapeseachof which reproducesall the input photographsexactly. This result is yet anothermanifestation

of thewell-known fact that3D shaperecovery from a setof imagesis generallyill-posed[3], i.e., theremaybe

multipleshapesthatareconsistentwith thesamesetof images.2 Reconstructionmethodsmustthereforechoose
2Faugeras[48] hasrecentlyproposedthetermmetamerictodescribesuchshapes,in analogywith theterm'susein thecolorperception

[49] andstructure-from-motionliterature[50].
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a particularsceneto reconstructfrom the spaceof all consistentshapes.Traditionally, the mostcommonway

of dealingwith this ambiguityhasbeento applysmoothnessheuristicsandregularizationtechniques[3,51] to

obtainreconstructionsthat areassmoothaspossible.A drawbackof this type of approachis that it typically

penalizesdiscontinuitiesandsharpedges,featuresthatareverycommonin realscenes.

Thenotionof themaximalphoto-consistentshapeintroducedin thispaperandtheSpaceCarvingAlgorithm

thatcomputesit leadto analternative, leastcommitmentprinciple[52] in choosingamongall thephoto-consistent

shapes:ratherthanmakinganarbitrarychoice,we choosetheonly photo-consistentreconstructionthat is guar-

anteedto subsume(i.e., containwithin its volume)all otherphoto-consistentreconstructionsof the scene.By

doing so we not only avoid the needto imposead hoc smoothnessconstraints,which leadto reconstructions

whoserelationshipto thetrueshapearedif�cult to quantify, wealsoensurethattherecovered3D shapecanserve

asadescriptionfor theentireequivalenceclassof photo-consistentshapes.

While our work shows how to obtaina consistentscenereconstructionwithout imposingsmoothnesscon-

straintsor othergeometricheuristics,therearemany caseswhereit may be advantageousto imposea priori

constraints,especiallywhenthe sceneis known to have a certainstructure[53,54]. Least-commitmentrecon-

structionsuggestsanew wayof incorporatingsuchconstraints:ratherthanimposingthemasearlyaspossiblein

thereconstructionprocess,we canimposethemafter �rst recoveringthemaximalphoto-consistentshape.This

allowsusto delaytheapplicationof a priori constraintsuntil alaterstagein thereconstructionprocess,whentight

boundsonscenestructureareavailableandwheretheseconstraintsareusedonly to chooseamongshapeswithin

theclassof photo-consistentreconstructions.This approachis similar in spirit to “strati�cation” approachesof

shaperecovery [18,55], where3D shapeis �rst recoveredmoduloanequivalenceclassof reconstructionsandis

thenre�ned within thatclassat subsequentstagesof processing.

The remainderof this paperis structuredasfollows. Section2 analyzesthe constraintsthat a setof pho-

tographsplaceon scenestructuregiven a known, locally-computablemodel of sceneradiance. Using these

constraints,a theoryof photo-consistency is developedthatprovidesa basisfor characterizingthe spaceof all

reconstructionsof a scene.Sections3 and4 thenusethis theoryto presentthe two centralresultsof thepaper,

namelytheexistenceof themaximalphoto-consistentshapeandthedevelopmentof aprovably-correctalgorithm

calledSpaceCarvingthatcomputesit. Section4.1thenpresentsadiscreteimplementationof theSpaceCarving

Algorithm thatiteratively “carves”out thescenefrom aninitial setof voxels.This implementationcanbeseenas

a generalizationof silhouette-basedtechniqueslike volumeintersection[21,44,56,57] to thecaseof gray-scale

andfull-color images,andextendsvoxel coloring[29] andplenopticdecomposition[30] to thecaseof arbitrary
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Fig. 2: Viewing geometry.

camerageometries.3 Section5 concludeswith experimentalresultson realandsyntheticimages.

2 PictureConstraints

Let
�

bea 3D scenede�ned by a �nite, opaque,andpossiblydisconnectedvolumein space.We assumethat
�

is viewed underperspective projectionfrom
�

known positions����������������	 in 
���


�

(Fig. 2). The radiance

of a point � on thescene's surfaceis a functionrad������� thatmapsevery orientedray � throughthepoint to the

color of light re�ected from � along � . We usethe termshape-radiancescenedescriptionto denotethe scene
�

togetherwith an assignmentof a radiancefunction to every point on its surface. This descriptioncontains

all the informationneededto reproducea photographof the scenefor any cameraposition. In general,sucha

photographwill containapotentiallyemptysetof backgroundpixelsthatarenot imagesof any scenepoint.

Everyphotographof a3D scenetakenfrom aknown locationpartitionsthesetof all possibleshape-radiance

scenedescriptionsinto two families,thosethatreproducethephotographandthosethatdo not. We characterize

thisconstraintfor agivenshapeandagivenradianceassignmentby thenotionof photo-consistency:4

De�nition 1 (Point Photo-Consistency)A point � in
�

that is visiblefrom � is photo-consistentwith thephoto-

graphat � if (1) � doesnotprojectto a backgroundpixel,and(2) thecolor at � 'sprojectionis equalto rad�
��� ����� .

De�nition 2 (Shape-RadiancePhoto-Consistency)Ashape-radiancescenedescriptionisphoto-consistentwith

3Note that both of thesegeneralizationsrepresentsigni�cant improvementsin the stateof the art. For instance,silhouette-based
algorithmsrequireidenti�cation of silhouettes,fail at surfaceconcavities, andtreatonly thecaseof binary images.While [29,30] also
useda volumetricalgorithm,their methodworked only whenthe scenewasoutsidethe convex hull of the cameras.This restriction
stronglylimits thekindsof environmentsthatcanbereconstructed,asdiscussedin Section5.

4In thefollowing, wemake thesimplifying assumptionthatpixel valuesin theimagemeasuresceneradiancedirectly.
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thephotographat � if all pointsvisiblefrom � arephoto-consistentandeverynon-backgroundpixel is theprojec-

tion of a point in
�

.

De�nition 3 (ShapePhoto-Consistency)A shape
�

is photo-consistentwith a setof photographsif there is an

assignmentof radiancefunctionsto thevisiblepointsof
�

that makesthe resultingshape-radiancedescription

photo-consistentwith all photographs.

Our goal is to provide a concretecharacterizationof the family of all scenesthatarephoto-consistentwith
�

input photographs.We achieve this by makingexplicit the two ways in which photo-consistency with
�

photographscanconstrainascene's shape.

2.1 Background Constraints

Photo-consistency requiresthatno point of
�

projectsto a backgroundpixel. If a photographtakenat position

� containsidenti�able backgroundpixels,this constraintrestricts
�

to a conede�ned by � andthephotograph's

non-backgroundpixels.Given
�

suchphotographs,thesceneis restrictedto thevisualhull, which is thevolume

of intersectionof theircorrespondingcones[10].

Whenno a priori informationis availableaboutthe scene's radiance,the visual hull de�nes all the shape

constraintsin theinput photographs.This is becausethereis alwaysanassignmentof radiancefunctionsto the

pointson thesurfaceof thevisualhull thatmakestheresultingshape-radiancedescriptionphoto-consistentwith

the
�

inputphotographs.5 Thevisualhull canthereforebethoughtof asa “leastcommitmentreconstruction”of

the3D scene—any furtherre�nementof this volumemustnecessarilyrely on additionalassumptionsaboutthe

scene's shapeor radiance.

While visualhull reconstructionhasoftenbeenusedasamethodfor recovering3D shapefrom photographs

[21,57,58], the pictureconstraintscapturedby the visual hull only exploit information from the background

pixelsin thesephotographs.Unfortunately, theseconstraintsbecomeuselesswhenphotographscontainnoback-

groundpixels(i.e.,thevisualhull degeneratesto 
 � ) or whenbackgroundidenti�cation [59] cannotbeperformed

accurately. Below westudythepictureconstraintsprovidedby non-backgroundpixelswhenthescene's radiance

is restrictedto a specialclassof radiancemodels.Theresultingpictureconstraintswill in generalleadto photo-

consistentscenesthatarestrict subsetsof thevisualhull.
5For example,setrad�

���

����� equalto thecolorat � 'sprojection.
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2.2 RadianceConstraints

Thecolor of light re�ected in differentdirectionsfrom a singlescenepoint usuallyexhibits a certaindegreeof

coherencefor physicalscenesthatarenot transparentor mirror-like. This coherenceprovidesadditionalpicture

constraintsthatdependentirelyonnon-backgroundpixels.Hereweexploit thisideaby focusingonsceneswhose

radiancesatis�esthefollowing criterion:

ConsistencyCheck Criterion: An algorithmconsist �

� � is availablethat takesasinput at least
��� �

colors ����� � ������� �������

� ,
�

vectors��� ������� � �

� , andthelight sourcepositions(non-Lambertian

case),anddecideswhetherit is possiblefor a singlesurfacepoint to re�ect light of color �����	� in

direction �
� simultaneouslyfor all �
��� ������� �

�

.

Givenashape
�

, theConsistency CheckCriteriongivesusaway to establishthephoto-consistency of every

pointon
�

'ssurface.Thiscriterionde�nesageneralclassof radiancemodels,whichwecall locally computable,

thatarecharacterizedby a locality property:theradianceat any point is independentof theradianceof all other

pointsin the scene.Theclassof locally-computableradiancemodelsthereforerestrictsour analysisto scenes

whereglobal illumination effectssuchastransparency, inter-re�ection, andshadows canbeignored.This class

subsumesLambertianradiance(
�

��� ) aswell asradiancemodelsthat canbeexpressedin closedform by a

smallnumberof parameters.6

Whenana priori locally computableradiancemodelis establishedfor a physical3D scene,themodelpro-

videssuf�cient informationto determinewhetheror not a givenshape
�

is photo-consistentwith a collectionof

photographs.Theuseof radiancemodelsthatarelocally consistentis importantin this context becausethenon-

photo-consistency of ashape
�

tellsusagreatdealabouttheshapeof theunderlyingscene.This in turn imposes

avery specialstructureon thefamily of photo-consistentshapes.Weusethefollowing two lemmasto make this

structureexplicit. Theselemmasprovide theanalyticaltoolsneededto describehow thenon-photo-consistency

of ashape
�

affectsthephoto-consistency of its subsets(Fig. 3):

Lemma 1 (Visibility Lemma) Let � be a point on
�

's surface, Surf�

�

� , and let Vis� � � � be the collectionof

inputphotographsin which
�

doesnot occlude� . If
����� �

is a shapethatalsohas� on its surface, Vis�
� � ���

Vis
���

� � � .

Proof: Since
���

is asubsetof
�

, nopointof
���

canlie between� andthecamerascorrespondingto Vis� � � � . QED

6Speci�c examplesinclude(1) usingamobilecameramountedwith alight sourceto capturephotographsof ascenewhosere�ectance
canbeexpressedin closedform (e.g.,usingtheTorrance-Sparrow model[17,47]),and(2) usingmultiplecamerasto capturephotographs
of anapproximatelyLambertiansceneunderarbitraryunknown illumination(Fig. 1).
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(a) (b)

Fig. 3: (a) Illustration of the Visibility Lemma. (b) Illustration of the Non-Photo-Consistency Lemma. If �

is non-photo-consistent with thephotographsat � �����

�

���

�

, it is non-photo-consistent with theentiresetVis� � � � ,

whichalsoincludes��� .

Lemma 2 (Non-Photo-ConsistencyLemma) If ��� Surf�

�

� is notphoto-consistentwith a subsetof Vis�
� � � , it

is notphoto-consistentwith Vis� � � � .

Intuitively, Lemmas1 and2 suggestthat both visibility andnon-photo-consistency exhibit a certainform

of “monotonicity:” theVisibility Lemmatells us that thecollectionof photographsfrom which a surfacepoint

is visible strictly expandsfor nestedsubsetsof
�

that containthe point (Fig. 3(a)). Analogously, the Non-

Photo-Consistency Lemma,which follows asa direct consequenceof the de�nition of photo-consistency, tells

us thateachnew photographcanbe thoughtof asan additionalconstrainton the photo-consistencyof surface

points—themorephotographsareavailable,themoredif�cult it is for thosepointsto maintainphoto-consistency.

Furthermore,onceasurfacepointbecomesnotphoto-consistentnonew photographof thescenecanre-establish

photo-consistency for thatpoint.

The key consequenceof Lemmas1 and2 is given by the following theoremwhich shows that non-photo-

consistency atapoint rulesout thephoto-consistency of anentirefamily of shapes:

Theorem 1 (SubsetTheorem) If ��� Surf�

�

� is not photo-consistent,nophoto-consistentsubsetof
�

contains

� .

Proof: Let
�

�
� �

bea shapethatcontains� . Since� lies on thesurfaceof
�

, it mustalsolie on thesurface

of
�

�

. From the Visibility Lemmait follows that Vis� � � � � Vis���
� � � . The theoremnow follows by applying
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theNon-Photo-Consistency Lemmato
���

andusingthelocality propertyof locally computableradiancemodels.

QED

Weexploretherami�cationsof theSubsetTheoremin thenext sectionwhereweprovideanexplicit charac-

terizationof theshapeambiguitiesinherentin theinputphotographs.

3 The Maximal Photo-ConsistentShape

The family of all shapesthat are photo-consistentwith a collectionof
�

photographsde�nes the ambiguity

inherentin the problemof recovering 3D shapefrom thosephotographs.This is becauseit is impossibleto

decide,basedon thosephotographsalone,which photo-consistentshapeis the shapeof the truescene.When

usingphotographsto recover theshapeof a3D scene,this ambiguityraisestwo questions:

� Is it possibleto computea shapethat is photo-consistentwith
�

photographsand, if so, what is the

algorithm?

� If aphoto-consistentshapecanbecomputed,how canwerelatethatshapeto all otherphoto-consistent3D

interpretationsof thescene?

Beforeproviding ageneralanswerto thesequestionsweobserve thatwhenthenumberof inputphotographs

is �nite, the�rst questioncanbeansweredwith a trivial shape(Fig. 4). In general,trivial shapesolutionssuch

asthis onecanonly beeliminatedwith theincorporationof freespaceconstraints,i.e., regionsof spacethatare

known not to containscenepoints.Ouranalysiscapturesthe(optional)inclusionof suchconstraintsby allowing

thespeci�cationof anarbitraryshape
�

within whichaphotoconsistentsceneis known to lie.7

In particular, ourgeneralanswerto bothquestionsrestson thefollowing theorem.Theorem2 shows thatfor

any shape
�

thereis a uniquephoto-consistentshapethat subsumes,i.e., containswithin its volume,all other

photo-consistentshapesin
�

(Fig. 5):

Theorem 2 (Maximal Photo-ConsistentShapeTheorem) Let
�

beanarbitrary setandlet
�

�

betheunionof

all photo-consistentsubsetsof
�

. Theshape
�

�

is photo-consistentand is calledthemaximalphoto-consistent

shape.

Proof: (By contradiction)Suppose
�

�

is not photo-consistentandlet � be a non-photo-consistent point on its

surface.Since� �

�

�

, thereexistsa photo-consistentshape,
��� � �

�

, thatalsohas� on its surface. It follows

from theSubsetTheoremthat
���

is notphoto-consistent.QED
7Notethatif

�������

, theproblemreducesto thecasewhenno constraintson freespaceareavailable.
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Fig. 4: Trivial shapesolutionsin theabsenceof free-spaceconstraints.A two-dimensionalobjectconsistingof

a blacksquarewhosesidesarepainteddiffusered,blue,orange,andgreen,is viewedby four cameras.Carving

out a small circle aroundeachcameraandprojectingthe imageonto the interior of that circle yields a trivial

photo-consistentshape.This is becauseno point on
�

's surfaceis visible by morethanonecameraand,hence,
�

is photo-consistent.

Theorem2 providesanexplicit relationbetweenthemaximalphoto-consistentshapeandall otherpossible

3D interpretationsof the scene: the theoremguaranteesthat every suchinterpretationis a re�nement of the

maximalphoto-consistentshape.Themaximalphoto-consistentshapethereforerepresentsa least-commitment

reconstructionof thescene.Wedescribea volumetricalgorithmfor computingthisshapein thenext section.

4 Reconstructionby SpaceCarving

An importantfeatureof themaximalphoto-consistentshapeis that it canactuallybecomputedusinga simple,

discretealgorithmthat“carves” spacein a well-de�ned way. Givenaninitial volume
�

thatcontainsthescene,

thealgorithmproceedsby iteratively removing (i.e. “carving”) portionsof thatvolumeuntil it becomesidentical

to the maximalphoto-consistentshape,
�

�

. The algorithmcanthereforebe fully speci�ed by answeringfour

questions:(1) how do we selectthe initial volume
�

, (2) how shouldwe representthat volume to facilitate

carving,(3) how do we carve at eachiterationto guaranteeconvergenceto themaximalphoto-consistentshape,
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Fig. 5: Illustrationof theMaximalPhoto-ConsistentShapeTheorem.Thegray-shadedregioncorrespondsto an

arbitraryshape
�

containingtheobjectof Fig. 4. In this example,
�

�

is a polygonalregion thatextendsbeyond

thetruesceneandwhoseboundaryis de�nedby thepolygonalsegments�

�

�

��� , and � . Whenthesesegmentsare

coloredasshown,
�

�

's projectionis indistinguishablefrom thatof thetrueobjectandnophoto-consistentshape

in thegray-shadedregioncancontainpointsoutside
�

�

. Thegoalof thealgorithmin Section4 is to computethis

shape,given
�

, thephotographs,andthecamerapositions.Notethat
�

�

's shapedependson thespeci�c scene

radiancemodelandcouldbesigni�cantly differentfor a similarly-colored,non-diffuseobjectviewed from the

samepositions.Also notethatsincetheobjectof interestdoesnot occupy thecameras'entire�eld of view,
�

�

alsodependson thebrown andturquoisecolorsof the“background,” i.e., thevisible portionsof thescenethat

arenotpartof theobjectof interest.

and(4) whendowe terminatecarving?

Thechoiceof theinitial volumehasaconsiderableimpacton theoutcomeof thereconstructionprocess(Fig.

4). Nevertheless,selectionof this volumeis beyond the scopeof this paper;it will dependon the speci�c 3D

shaperecoveryapplicationandon informationaboutthemannerin which theinputphotographswereacquired.8

Below weconsiderageneralalgorithmthat,given
�

photographsandanyinitial volumethatcontainsthescene,

is guaranteedto �nd the(unique)maximalphoto-consistentshapecontainedin thatvolume.

8Examplesincludede�ning
�

to beequalto thevisualhull or, in thecaseof a cameramoving throughanenvironment,
� �

minusa
tubealongthecamera's path.
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In particular, let
�

beanarbitrary�nite volumethatcontainsthescene.Werepresent
�

asa �nite collection

of voxels �

� ������� �

��� whosesurfaceconformsto a radiancemodelde�ned by a consistency checkalgorithm

consist �

� � . Usingthis representation,eachcarvingiterationremovesasinglevoxel from
�

.

TheSubsetTheoremleadsdirectlyto amethodfor selectingthevoxel to carveawayfrom
�

ateachiteration.

Speci�cally, the propositiontells us that if a voxel � on the surfaceof
�

is not photo-consistent,the volume
�

�

�




�

��� muststill containthemaximalphoto-consistentshape.Hence,if only nonphoto-consistentvoxels

areremovedateachiteration,thecarvedvolumeis guaranteedto convergeto themaximalphoto-consistentshape.

The order in which non-photo-consistent voxels areexaminedandremoved is not importantfor guaranteeing

correctness.Convergenceto this shapeoccurswhenno non-photo-consistent voxel canbefoundon thesurface

of thecarvedvolume. Theseconsiderationsleadto the following algorithmfor computingthemaximalphoto-

consistentshape:9

SpaceCarving Algorithm

Step1: Initialize
�

to asupersetof thescene.

Step2: Repeatthefollowing stepsuntil anon-photo-consistent voxel � is foundon thesurfaceof
�

:

a. Project� to all photographsin Vis�
�

�

� . Let ��� �
�

����������������� bethecolorsat � 's projectionin eachphoto-

graphandlet �
�

��������� ��� betheopticalraysconnecting� to thecorrespondingopticalcenters.

b. Determinethephoto-consistency of � usingconsist �

� ����� � ������� ����� �
�

� � � ������� � �
�

� .

Step3: If no non-photo-consistent voxel is found,set
�

�

�

�

andterminate.Otherwise,set
�

�

�




�

�	� and

continuewith Step2.

The key stepin the spacecarvingalgorithmis the searchandvoxel consistency checkingof Step2. The

following propositiongivesanupperboundon thenumberof voxel photo-consistency checksthatmustbeper-

formedduringspacecarving:

Proposition1 The total numberof required photo-consistencychecks is boundedby
��

�

where
�

is the

numberof inputphotographsand
�

is thenumberof voxelsin theinitial (i.e., uncarved)volume.

Proof: Since(1) thephoto-consistency of avoxel � thatremainson
�

's surfacefor severalcarvingiterationscan

changeonly whenVis� �

�

� changesdueto
�

's carving,and(2) Vis� �

�

� expandsmonotonicallyas
�

is carved

(Visibility Lemma),thephoto-consistency of � mustbecheckedatmost
�

times.QED
9Convergenceto thisshapeis provablyguaranteedonly for scenesrepresentableby adiscretesetof voxels.
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(a) (b)

Fig. 6: Visiting voxelsin orderof visibility. Sweepingaplane�

�

��� in thedirectionof increasing� coordinate

ensuresthata voxel � will bevisitedbeforeevery voxel � that it occludes,for all cameraswhoseopticalcenter

has� coordinatelessthan �
� . To exploit this observation,thephoto-consistency of voxelson thesweepplaneis

evaluatedby consideringonly thosecamerasthatlie “in front of” thisplane(i.e., thecamerasdrawn in yellow in

(a)and(b)). Intuitively, camerasbecome“active” whenthesweepplanepassesover them.

4.1 A Multi-Sweep Implementation of SpaceCarving

In orderto implementtheSpaceCarvingAlgorithm, the following threeoperations,performedin Step2 of the

algorithm,mustbesupported:(1) determineSurf�

�

� , (2) computeVis�
�

�

� for eachvoxel �

�

�

, and(3) check

to seeif � is photo-consistent.Becausecarvingasinglevoxel canaffectglobalvisibility, it is essentialto beable

to keeptrackof visibility informationin away thatmaybeef�ciently updated.

To reducevisibility computations,we usea multi-passalgorithmfor spacecarving. Eachpassof thealgo-

rithm consistsof sweepingaplanethroughthescenevolumeandtestingthephoto-consistency of voxelson that

plane.Theadvantageof this plane-sweepalgorithmis thatvoxelsarealwaysvisitedin anorderthatcapturesall

occlusionrelationsbetweenvoxelsandanappropriately-chosensubset� of thecameras:eachsweepguarantees

thatif a voxel � occludesanothervoxel, � , whenviewedfrom a camerain � , � will necessarilybevisitedbefore

� . This is achievedby choosing� to bethesetof camerasthatlie ononesideof theplanein eachpass(Fig. 6).

Speci�cally, considertwo voxels � � � ��� � ��� � ��	�� and � � �
��� ���������
	�� , suchthat � occludes� from a camera
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centeredat � � � � � ��� � ��� 	 � . Sincethe voxel � lies on the line segmentwith endpoints� and � , the following

relationsmusthold:

� �

�

� ��� � �

�

� ��������� �

�

��� �
	���
�� (1)

� �
� � � � � �
� � � ������� �

�

��� �
	���
�� (2)

Theserelationssuggesttwo rulesfor visitingvoxelsin thescenevolume:(1)evaluatevoxelsin orderof increasing
� coordinate,i.e.,groupvoxels in a seriesof planes�

�

�

� �

�

�

�

�

������� �

�

�

��� with �

� increasing,and(2) for

a givenplane �

�

�

� , consideronly camerascenteredat � suchthat � �

�

�

� . Whenthesetwo rulesareobeyed,

Eq. (1), ensuresthatvoxelswill bevisited in orderof occlusion(i.e., � before � with respectto any camera� ).

Similarly, Eq.(2) tellsusthatthesameholdstruewhentheplaneis sweptin orderof decreasing� coordinate.

Sweepingplanesin increasingor decreasing� coordinatedoesnot treatthecasewhere �
�

� �
�

� �
� . This

canbehandledwith thehelpof anadditionalsweepthroughthevolumein eitheroneof thepositive or negative

� or � directions.

Ratherthanexplicitly storingevery voxel in thevolume,we chosea moreef�cient datastructurethatrepre-

sentsthevolumeasacollectionof 1-D spans.Speci�cally, thevolumeis representedasa2D array � of � span

lists:

��� ����� ��� � �����

�

�

���

�

�

� � ���

�

�

���

�

�

� ��������� ���"!

�

���"!

�

���

Eachspan ���

�

�

���

�

�

� correspondsto an interval �#� �$� ���

�

�

� to �#� �$� ���

�

�

� that is containedwithin the volume; a

point �#� �$� ��� � lies insidethevolumeif andonly if � is containedin aspanof ��� �%��� �&� . Becausethealgorithm

visitsvoxelsin � and � order, thisinsidetestcanbeperformedin constanttime—thisis achievedby maintaining

spansin doubly-linked lists,sortedin bothincreasinganddecreasing� .

Note thateachplanesweepconsidersonly a subsetof the camerasfrom which a voxel maybe visible. In

ordertoensurephoto-consistency of voxelswith all inputviews,multiplesweepsareneeded.Ourimplementation

cyclesthroughsixdirectionsin eachpass,i.e.,in increasing/decreasing � , � , and� directions,andappliesrepeated

passesuntil thecarvingprocedureconverges.This typically occursafter2 or 3 passes.

5 Experimental Results

In this sectionwe presentresultsfrom applyingour volumetricimplementationof theSpaceCarvingAlgorithm

to two realandonesyntheticimagesequence.In all examples,aLambertianmodelwasusedfor theConsistency
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(a) (b) (c)

Fig. 7: Reconstructionof a wood sculpture. One of 21 input imagesis shown (a), along with views of the

reconstructionfrom similar (b) andoverhead(c) views.

CheckCriterion,i.e.,it wasassumedthatavoxel projectsto pixelsof thesamecolorin everyimage.Thestandard

deviationof thesepixelswasthereforeusedto determinewhetheror notavoxel shouldbecarved.

We �rst ranthealgorithmonseveralimagesof a woodensculptureto evaluatetheperformanceof ourmulti-

passimplementationwith photographsof a real object. The imageswereacquiredby placingthe objecton a

calibratedpan-tilt headandrotatingit in front of a camera.To facilitatethe carvingprocess,the imageswere

alsothresholdedto remove blackbackgroundpixels. Backgroundsegmentationis not strictly necessary, aswill

bedemonstratedin thenext experiment.Weincludethissteponly to illustratethatbackgroundconstraints,when

available,areeasilyintegratedinto thealgorithm.

A high threshold(18% averageRGB componenterror) wasusedto compensatefor calibrationerror and

strongchangesin illuminationdueto objectrotation.Consequently, some�ne detailswerelost in the�nal recon-

struction.Theinitial volume,
�

, waschosento bea solidcubecontainingthesculpture.Fig. 7 shows a selected

input imageandnew views of thereconstruction,
�

�

. As canbeseenfrom theseimages,thereconstructioncap-

turestheshapeof thesculpturequiteaccurately, although�ne detailslike thewoodgrainareblurred. With the

exceptionof a few strayvoxels, thereconstructionappearsquitesmoothandconnected,in spiteof thefact that

no smoothnessbiaswasusedby thealgorithm.Thereconstruction,which requireda total of 24 sweepsthrough

the volume,contains22000voxels, all of which lay on the surfaceof the reconstruction.It took 8 minutesto
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Fig. 8: A sequenceof sixteen486x720RGBimagesof a gargoyle stonesculpture.Thesequencecorrespondsto

acompleterotationof theobjectin front of a stationarycamera,performedin � � �

�

degreeincrements.

compute
�

�

ona150MHz R4400SiliconGraphicsIndy workstation.

Wenext rantheSpaceCarvingAlgorithm on16 imagesof agargoyle sculpture(Fig. 8). Theseimageswere

acquiredby rotatingtheobjectin front of a stationarycameraandmanuallyalteringtheobject's backgroundbe-

foreeachimagewasacquired.Thislatterstepenabledcompletereconstructionof thesculpturewithoutany initial

segmentationstep—thespacecarvingprocesseffectively removedall backgroundpixelsin all inputphotographs

becausethevaryingbackgroundsensuredthatphoto-consistency couldnot beenforcedfor pointsprojectingto

non-objectpixels. Thesub-pixel calibrationerror in this sequencealsoenabledusinga smallerthresholdof 6%

for theRGBcomponenterror. Thisthreshold,alongwith thevoxel sizeandthe3D coordinatesof aboundingbox

containingtheobjectweretheonly parametersgivenasinput to our implementation.Fig. 9 showsselectedinput

imagesandnew views of the reconstruction,
�

�

. This reconstructionconsistedof 215 thousandsurfacevoxels

thatwerecarvedoutof aninitial volumeof approximately51million voxels. It took250minutesto compute
�

�

onanSGIO2R10000/175MHzworkstation.
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(a) (b)

(c) (d)

Fig. 9: Reconstructionof a gargoyle sculpture.Oneof 16 input imagesis shown (a), alongwith views of the

reconstructionfrom thesame(b) andnew (c-d)viewpoints.
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Notethat thenear-perfectsegmentationachieved throughspacecarvingwasperformednot in image-space,

but in 3D object space—thebackgroundlay outsidethe initial block of voxels and was thereforenot recon-

structed. This methodof 3D backgroundsegmentationhassigni�cant advantagesover imagesubtractionand

chroma-keying methodsbecauseit (1) doesnot requirethe backgroundto beknown and(2) will never falsely

eliminateforegroundpixels,astheseformertechniquesareproneto do [59]. Someerrorsarestill presentin the

reconstruction,notablyholesthatoccurasaresultof shadowsandotherilluminationchanges.Theseeffectswere

notmodeledby theLambertianmodelandthereforecausedvoxelsonshadowedsurfacesto becarved.The�nite

voxel size,calibrationerror, andimagediscretizationeffectsresultedin a lossof some�ne surfacedetail. Voxel

sizecouldbefurtherreducedwith bettercalibration,but only up to thepoint whereimagediscretizationeffects

(i.e., �nite pixel size)becomeasigni�cant sourceof error.

Thisexperimenthighlightsanumberof advantagesof ourtechniqueoverpreviousreconstructionapproaches.

Existing multi-baselinestereotechniques[1] work bestfor denselytexturedscenesandsuffer in the presence

of large occlusions.In contrast,the gargoyle sequencecontainsmany low-texturedregionsandvery dramatic

changesin visibility, due to the completerotationof the object in front of the camera. The low-texture and

occlusionpropertiesalsocauseproblemsfor feature-basedstructure-from-motionmethods[37,43,60,61], due

to thedif�culty of locatingandtrackinga suf�cient numberof featuresthroughoutthesequence.While volume

intersection[10,21,56] and other contour-basedtechniques[6,8,9,41,42,62] are often usedsuccessfullyin

similar experiments,they requirethedetectionof silhouettesor occludingcontours.For thegargoyle sequence,

thebackgroundwasunknown andheterogeneous,makingthecontourdetectionproblemextremelydif�cult. Note

alsothatSeitzandDyer's voxel coloringtechnique[29] wouldnotwork for thissequencebecauseof thecamera

con�guration, i.e., the sceneintersectsthe convex hull of the cameracenters. The SpaceCarvingalgorithm

succeedsfor this sequencebecauseit integratesbothtextureandcontourinformationasappropriate,without the

needto explicitly detectfeaturesor contoursin the images.Our resultsfor both the gargoyle andthe wooded

sculpturesequencealsosuggestthattheSpaceCarvingAlgorithm performswell bothfor sequencesthatcontain

signi�cant colorvariationaswell asfor sequenceswheretheobjectsareessentiallygray-scale.

In a third experiment,we appliedthe SpaceCarvingAlgorithm to renderedimagesof a syntheticbuilding

scene.To reconstructtheentirescene,cameraswereplacedbothin theinteriorandexteriorof thebuilding (Fig.

10) and the resultingimageswerepresentedto the algorithmin a randomorder. This placementof cameras

yieldsanextremelydif�cult stereoproblem,dueto thedrasticchangesin visibility betweeninteriorandexterior

cameras.10 Thevoxel spacewasinitializedto a �

�����

���

���

�

���

block,containingroughly7 million voxels.The

10For example,thealgorithmsin [29,30] fail catastrophicallyfor this scenebecausetheunconstraineddistribution of the input views
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Fig. 10: Camerasfor thebuilding scene.Cameraswereplacedin boththeinterior andexterior of a building to

enablesimultaneous,completereconstructionof its exterior andinterior surfaces.Theviewpointsusedby the

carvingalgorithmareshown in gray;thetwo redcamerascorrespondto thebuilding's views in Figs.12(a)-(d).

carvingprocessconvergedafter2 passes,requiringroughlyanhourand40 minutesof computation.11 The�nal

modelcontained370thousandvoxels.

Figs.11and12comparetheoriginalmodelandthereconstructionfrom arangeof differentviewpoints.The

�delity of themodelis very goodnearthe input viewpoints,asdemonstratedin Fig. 11 (a)-(d). As onemight

expect,thevisualquality of thereconstructiondegradesfor viewpointsfar from theinput cameras,asshown in

the overheadview (Fig. 13 (b)), but is still quite reasonable.Including the overheadview in the setof input

imagesandrecomputingthe reconstructionyieldsa dramaticimprovementin quality, asshown in Fig. 13 (c).

Notethatincorporatingsuchadisparateview is straightforward,owing to theuniqueability of theSpaceCarving

Algorithm to integrateimagesfrom camerasin arbitrarypositionsandorientations.Also notethat the ability

to incorporatethe entiresetof input imagesinto a single,uni�ed reconstructionprocessallows us to generate

novel views of the scenein which the interior andthe exterior of the building arevisible simultaneously(Fig.

12(a)-(d)).

andtheresultingocclusionrelationshipsviolatetheassumptionsusedby thosealgorithms.
11In our implementation,convergenceoccurswhena pass(i.e., 6 planesweeps)completeswith only a small percentageof voxels

carvedawayduringthatpass—3%in thecaseof thebuilding scene.
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(a) (b)

(c) (d)

Fig.11: Reconstructionof thebuildingscene.Renderedimagesof thebuilding (left) arecomparedto viewsof the

reconstruction(right). (a)and(c) aretwo of theinputviews, from outsideandinsidethebuilding, respectively.

6 Concluding Remarks

Thispaperintroducedphoto-consistencytheoryasa new, generalmathematicalframework for analyzingthe3D

shaperecovery problemfrom multiple images.We have shown that this theoryleadsto a “least commitment”

approachfor shaperecovery anda practicalalgorithmcalledSpaceCarvingthattogetherovercomeseveral lim-

itations in the currentstateof the art. First, the approachallows us to analyzeandcharacterizethe setof all

21



possiblereconstructionsof a scene,without committingto heuristicshapeor cameraconstraints,andwithout

committingto a speci�c algorithmor implementation.Second,this is theonly provably-correctmethod,to our

knowledge,capableof reconstructingnon-smooth,free-formshapesfrom cameraspositionedandorientedin a

completelyarbitraryway. Third, the performanceof the SpaceCarvingAlgorithm wasdemonstratedon real

andsyntheticimagesequencesof geometrically-complex objects,includinga largebuilding scenephotographed

from both interior andexterior viewpoints. Fourth,theuseof photo-consistency asa criterionfor 3D shapere-

covery enablesthedevelopmentof reconstructionalgorithmsthatallow faithful imagereprojectionsandresolve

thecomplex interactionsbetweenocclusion,parallax,andshadingeffectsin shapeanalysis.

While the SpaceCarvingAlgorithm's effectivenesswasdemonstratedin the presenceof imagenoise,the

photo-consistency theory itself is basedon an idealizedmodel of imageformation. Extendingthe theory to

explicitly modelimagenoise,quantizationandcalibrationerrors,andtheir effectson themaximallyconsistent

shapeis anopenresearchproblem.Extendingtheformulationto handlenon-locallycomputableradiancemodels

(e.g.,shadows)isanotherimportanttopicof futurework. Otherresearchdirectionsinclude(1)developingoptimal

spacecarvingalgorithmsfor noisy images,(2) investigatingthe useof surface-basedratherthanvoxel-based

techniquesfor �nding themaximalphoto-consistentshape,(3) usinga priori shapeconstraints(e.g.,smoothness)

to re�ne thatshape,and(4) analyzingthetopologicalstructureof thefamily of photo-consistentshapes.
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(a) (b)

(c) (d)

Fig. 12: Views from viewpointsneartheinput cameras.Renderedimagesof thebuilding (left) arecomparedto
viewsof thereconstruction(right). Theviews in (a)and(c) correspondto the(non-input)redcamerasin Fig. 10.

(a) (b) (c)

Fig. 13: Views of the reconstructionfrom far away cameraviewpoints. (a) shows a renderedtop view of the
building, (b) the sameview of the reconstruction,and (c) a new reconstructionresultingfrom addingimage
(a) to the setof input views. Note that addinga singletop view drasticallyimprovesthe visual quality of the
reconstruction.
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