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Abstract

In this papemwe considethe problemof computingthe 3D shapeof anunknawn, arbitrarily-shapedcene
from multiple color photographsakenatknown but arbitrarily-distributedviewpoints. By studyingtheequi-
alenceclassof all 3D shapeshatreproduceheinputphotographsye provetheexistenceof aspeciaimember
of this class the maximalphoto-consisterghapethat(1) canbecomputedrom anarbitraryvolumethatcon-
tainsthe sceneand(2) subsumesll othermemberof this class.We thengive a provably-correctalgorithm,
calledSpaceCarving,for computingthis shapeandpresentxperimentatesultsfrom applyingit to therecon-
structionof geometrically-compbe scenedrom several photographs.The approachis speci cally designed
to (1) build 3D shapeghatallow faithful reproductiorof all input photographs(2) resole the comple in-
teractionsbetweerocclusion parallax,shading andtheir effectson arbitrarycollectionsof photograph®f a
sceneand(3) follow a“leastcommitment”approactio 3D shaperecovery.



1 Intr oduction

A fundamentaproblemin computervision is reconstructinghe shapeof a complex 3D scenefrom multiple
photographsWhile currenttechniquesvork well undercontrolledconditions(e.g.,small stereobaselineg1],
active viewpointcontrol[2], spatialandtemporalsmoothnesf-5], or scenegontainingcurvedlines[6], planes
[7], or texture-lesssurfaceq[8—12]), very little is knowvn aboutsceneaeconstructiorundergenerakonditions.In
particular in theabsencef a priori geometridnformation,whatcanwe infer aboutthe structureof anunknavn
scenefrom  arbitrarily positionedcamerast known viewpoints? Answeringthis questionhasespeciallyim-
portantimplicationsfor reconstructingealobjectsandernvironmentswhich oftentendto benon-smoothexhibit
signi cant occlusionsandmay containbothstrongly-teturedaswell astexture-lesssurfaceregions(Fig. 1).

In this paper we develop a theoryfor reconstructingarbitrarily-shapedscenedrom arbitrarily-positioed
camerady formulatingshapeaecwery asa constrainsatishictionproblem.We shav thatary setof photographs
of arigid scenede nes a collectionof picture constaints that are satis ed by every sceneprojectingto those
photographs Furthermorewe shav how to characterizehe setof all 3D shapedhat satisfytheseconstraints
andusethe underlyingtheoryto designa practicalreconstructioralgorithm,called SpaceCarving thatapplies

to fully-generalshapesandcameracon gurations.In particular we addresshreequestions:

Given input photographscanwe characterizehe setof all photo-consistenshapesi.e., shapeghat
reproducedhe input photographsvhenassignedippropriatee ectancepropertiesandarere-projectedo

theinputcamergositions?
Isit possibleto computea shapdrom this setandif so,whatis thealgorithm?

Whatis therelationshipof the computedshapeo all otherphoto-consisterghapes?

Ourgoalis to studythe -view shaperecorery problemin the generalcasewhereno a priori assumptions
aremadeaboutthe scenes shapeor aboutthe input photographsin particular we addresshe above questions
for the casewhen(1) no a priori constraintareimposedon scenegeometryor topology (2) no constraintsare
imposedon the positionsof the input cameras(3) no informationis available aboutthe existenceof speci ¢
imagefeaturedn theinput photographge.g.,edgespoints,lines,contourstexture,or color),and(4) noa priori
correspondencieformationis available. Unfortunately eventhoughseveralalgorithmshave beenproposedor
recovering shapefrom multiple views thatwork undersomeof theseconditions(e.g.,work on stereq[13—15]),
very little is currentlyknovn abouthow to answerthe abose questionsandeven lessso abouthow to answer

themin thisgenerakase.
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Fig. 1: The scenevolume and cameradistribution coveredby our analysiscan both be completelyarbitrary
Examplesnclude(a) a 3D ervironmentviewedfrom a collectionof camerashatarearbitrarily dispersedn free

spaceand(b) a 3D objectviewedby a singlecameramoving aroundit.

At the heartof our work is the obseration that thesequestionshecometractablewhensceneradiancebe-
longsto ageneratlassof radiancdunctionswe call locally computableThisclasscharacterizescene$or which
globalilluminationeffectssuchasshadavs, transparencieandinterre ectionscanbeignored,andis sufciently
generalo includescenewith parameterizedadiancemodels(e.g.,LambertianPhong[16], Torrance-Sparwe
[17]). Usingthis obseration asa startingpoint, we shav how to computefrom  arbitraryphotograph®f an
unknavn scenea maximalphoto-consistergshapethat encloseghe setof all photo-consistenteconstructions.
Theonly requirementsrethat(1) the viewpoint of eachphotographs known in acommon3D world reference
frame(Euclideanafne [18], or projective [19]), and(2) scenaadiancdollows aknown, locally-computablea-
diancefunction. Experimentatesultsillustratingour methods performancearegivenfor bothrealandsimulated
geometrically-complescenes.

Centralto our analysids therealizationthatparallax,occlusion andsceneaadianceall contritute to a photo-
graphs ultimatedependencenviewpoint. Sinceour notionof photo-consisterycmplicitly ensureshatall these
3D shapecuesaretakeninto accounin therecorery processpurapproachs relatedto work onstered1, 14,20],
shape-from-contoys, 9, 21}, aswell asshape-from-shadin@2—-24]. Theseapproachegsely onstudyingasingle

3D shapecueunderthe assumptionghat (1) othersourceof variability canbe safelyignored,and(2) theinput



photographsontainfeatureselevantto thatcue[25].1 Unfortunatelytheseapproachesannotbeeasilygeneral-
izedto attackthe -view reconstructiorproblemfor arbitrary3D scenedbecausaeitherassumptiorholdstrue
in generalImplicit in this previouswork is the view thatuntanglingparallax,self-occlusiorandshadingeffects
in  arbitraryphotograph®f a scendeadsto a problemthatis eitherunderconstrainedr intractable Herewe
challengethis view by shawing that shaperecovery from  arbitraryphotograph®f an unknavn scenes not
only atractableproblembut hasa simplesolutionaswell.

To our knowledge,no previoustheoreticawork hasstudiedthe equivalenceclassof solutionsto thegeneral

-view reconstructiorproblem,the ambiguitiesit embodiespr provably-correctalgorithmsfor computingit.

The SpaceCarving Algorithm that resultsfrom our analysis,however, doesoperatein a 3D scenespaceand
is thereforerelatedto otherscene-spacstereoalgorithmsthat have beenrecentlyproposed27-34]. Of these,
mostcloselyrelatedarerecentmesh-basef7] andlevel-set[35] algorithmsaswell asalgorithmsthatsweepa
planeor othermanifoldthrougha discretizedscenespacg28-30,33]. While thealgorithmsin [27,35] generate
high-qualityreconstructionandperformwell in thepresencef occlusionstheiruseof regularizationtechniques
penalizexomple surlacesandshapesEvenmoreimportantly noformal studyhasbeenundertaknto establish
theirvalidity for recoreringarbitrarily-shapedcenesndfor thecasewhereimagesaretakenunderfully-general
cameracon gurations(e.g.,theoneshavn in Fig. 1(a)). In contrastour SpaceCarvingAlgorithm is provably
correctandhasno regularizationbiases.Eventhoughspace-sweeppproachebave mary attractive properties,
existing algorithms[28—30,33] arenot generali.e., they rely on the presencef speci ¢ imagefeaturesuchas
edgesandhencegenerat@nly sparseeconstructionf28], or they placestrongconstraint®ntheinputviewpoints
relative to the sceng29,30]. Ourimplementatiorof the SpaceCarvingAlgorithm alsousesplanesweepsput
unlike all previous methodghe algorithmguaranteesompletereconstructions thegenerakase.

Our approacloffers six maincontritutionsover the existing stateof the art:

1. It introducesan algorithm-independerdnalysisof the shaperecoery problemfrom  arbitrary pho-
tographsmakingexplicit the assumptionsboutsceneradianceandfree spacerequiredfor solvingit as
well asthe ambiguitiesintrinsic to the problem. This analysisnot only extendsprevious work on re-
constructionbut alsoputsforth a concisegeometricaframevork for analyzingthe generalpropertiesof
recently-proposedcene-spacstereotechniqueg27-34]. In this respect,our analysishas goals simi-
lar to thoseof theoreticalapproaches$o structure-from-motioj36], althoughthe differentassumptions

employed (i.e., unknavn vs. known correspondencegnown vs. unknavn cameramotion), make the

!Examplesncludetheuseof thesmallbaselineassumptiorin stereao simplify correspondence- ndingndmaximizejoint visibility
of scenepoints[26], the availability of easily-detectablenagecontoursin shape-from-contoureconstructiorf9], andthe assumption

thatall views aretakenfrom the sameviewpointin photometricstereq24].
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geometrysolutionspaceandunderlyingtechniqguesompletelydifferent.

. Our analysisprovides a volume which is the tightestpossibleboundon the shapeof the true scenethat

canbeinferredfrom  photographs.This boundis importantbecauseét tells us preciselywhat shape
informationwe canhopeto extractfrom  photographsin the absencef a priori geometricand point

correspondendaformation,regardlessof the speci c algorithmbeingemployed

. The SpaceCarvingAlgorithm presentedn this paperis the only provably-correctmethod,to our knowl-

edge, that enablesscenereconstructiorfrom input camerasat arbitrary positions. As such, the algo-
rithm enablegeconstructiorof complex scenedrom viewpointsdistributed throughoutan unknavn 3D
ervironment—anextremeexampleis shavn in Fig. 10 wherethe interior andexterior of a housearere-

constructegimultaneouslyrom cameraglistributedthroughoutheinsideandoutsideof thehouse.

Becauseno constraintson the cameraviewpoints are imposed,our approachieadsnaturally to global
reconstructioralgorithms[12,37] that recover 3D shapeinformation from all photographsn a single
step.This eliminateghe needfor complex partialreconstructiormndmeiging operationg38,39] in which
partial 3D shapeinformationis extractedfrom subsetof the photograph$32,40-42],andwhereglobal

consisteng with the entiresetof photographss notguaranteedbr the nal shape.

We describea simplemulti-sweepimplementatiorof the SpaceCarvingAlgorithm thatenablesecovery

of photo-realisti@D modelsfrom multiple photographsf realscenes.

Becausehe shaperecoveredvia SpaceCarvingis guaranteedo be photo-consistentits reprojections
will closelyresemblephotograph®f the true scene. This propertyis especiallysigni cant in computer
graphicsyirtual reality, andtele-presencapplicationd40,43—-47]wherethe photo-realisnof constructed

3D modelsis of primaryimportance.

Least-CommitmentShapeRecovery

A key consequencef our photo-consistelycanalysisis thatno nite setof input photographof a 3D scene

canuniquelydeterminghe scenes 3D shape:in generalthereexists an uncountably-in niteequivalenceclass

of shapesachof which reproducesll the input photographsxactly This resultis yet anothemanifestation

of the well-known factthat 3D shaperecorery from a setof imagesis generallyill-posed[3], i.e., theremaybe

multiple shapeshatareconsistentvith the samesetof images® Reconstructiomethodsmustthereforechoose

2Faugera$48] hasrecentlyproposedhetermmetamerido describesuchshapesin analogywith theterm'susein thecolorperception
[49] andstructure-from-motiotiterature[50].



a particularsceneto reconstrucfrom the spaceof all consistenshapes.Traditionally the mostcommonway
of dealingwith this ambiguityhasbeento apply smoothnesseuristicsandregularizationtechniqueg3, 51] to
obtainreconstructionshat are assmoothas possible. A dravbackof this type of approachs thatit typically
penalizegliscontinuitiesandsharpedgesfeatureshatarevery commonin realscenes.

Thenotionof themaximalphoto-consisterghapdantroducedn this paperandthe SpaceCarvingAlgorithm
thatcomputest leadto analternatve, leastcommitmenprinciple[52] in choosingamongall thephoto-consistent
shapesratherthanmakinganarbitrarychoice,we choosethe only photo-consistentconstructionthatis guar
anteedo subsumei.e., containwithin its volume)all otherphoto-consistenteconstruction®f the scene.By
doing so we not only avoid the needto imposead hoc smoothnesgonstraintswhich leadto reconstructions
whoserelationshipto thetrueshapearedif cult to quantify we alsoensurehattherecorered3D shapecansene
asadescriptiorfor theentireequivalenceclassof photo-consisterghapes.

While our work shavs how to obtaina consistenscenereconstructiorwithout imposingsmoothnesson-
straintsor othergeometricheuristics,thereare mary caseswvhereit may be adwvantageouso imposea priori
constraintsgspeciallywhenthe sceneis known to have a certainstructure[53,54]. Least-commitmentecon-
structionsuggests nev way of incorporatingsuchconstraintsratherthanimposingthemasearlyaspossiblein
thereconstructiorprocessye canimposethematfter rst recoseringthe maximalphoto-consisteréhape.This
allows usto delaytheapplicationof a priori constraintaintil alaterstagein thereconstructioprocesswhentight
boundson scenestructureareavailableandwheretheseconstraint@areusedonly to chooseamongshapesvithin
the classof photo-consistenteconstructionsThis approachs similar in spirit to “strati cation” approachesf
shapeecorery [18,55], where3D shapds rst recoreredmoduloan equialenceclassof reconstructionandis
thenre ned within thatclassat subsequerdtagef processing.

The remainderof this paperis structuredasfollows. Section2 analyzeghe constraintshata setof pho-
tographsplace on scenestructuregiven a known, locally-computablemodel of sceneradiance. Using these
constraintsa theoryof photo-consistenycis developedthat providesa basisfor characterizinghe spaceof all
reconstructionsf a scene.Sections3 and4 thenusethis theoryto presenthe two centralresultsof the paper
namelythe existenceof themaximalphoto-consistergshapeandthe developmentof aprovably-correctalgorithm
calledSpaceCarvingthatcomputest. Sectiond.1thenpresents discreteémplementatiorof the SpaceCarving
Algorithm thatiteratively “carves” outthescendrom aninitial setof voxels. Thisimplementatiorcanbeseeras
ageneralizatiorof silhouette-basetkchniquedike volumeintersectionf21,44,56,57] to the caseof gray-scale

andfull-color imagesandextendsvoxel coloring [29] andplenopticdecompositioj30] to the caseof arbitrary
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Fig. 2: Viewing geometry

camerageometries. Section5 concludeswith experimentaresultson realandsynthetidimages.

2 Picture Constraints

Let bea3D scenade nedby a nite, opaqueandpossiblydisconnectedolumein space We assumehat
is viewed underperspectie projectionfrom  known positions in (Fig. 2). Theradiance
of apoint onthescenes surfaceis afunctionrad thatmapsevery orientedray throughthe pointto the
color of light re ectedfrom along . We usethe term shape-adiancescenedescriptionto denotethe scene
togetherwith an assignmenof a radiancefunction to every point on its surface. This descriptioncontains
all theinformationneededo reproducea photograptof the scenefor ary cameragposition. In general,sucha
photograptwill containa potentiallyemptysetof backgroungixelsthatarenotimagesof ary scenepoint.
Every photograplof a 3D scendakenfrom aknown locationpartitionsthe setof all possibleshape-radiance
scenedescriptionsgnto two families,thosethatreproducehe photograptandthosethatdo not. We characterize

this constrainfor a given shapeanda givenradianceassignmenby the notionof photo-consistency

De nition 1 (Point Photo-Consistency)A point in thatis visiblefrom is photo-consistentith the photo-

graphat if (1) doesnotprojectto a badkgroundpixel,and(2) thecolorat 'sprojectionis equalto rad

De nition 2 (Shape-Radiancd’hoto-Consistency)A shape-adiancescenalescriptioris photo-consisterwith

3Note that both of thesegeneralizationsepresensigni cant improvementsin the stateof the art. For instance silhouette-based
algorithmsrequireidenti cation of silhouettesfail at surfaceconcaities, andtreatonly the caseof binaryimages.While [29,30] also
useda volumetric algorithm, their methodworked only whenthe scenewas outsidethe corvex hull of the cameras.This restriction
stronglylimits thekindsof ervironmentsthatcanbereconstructedasdiscussedh Section5.

“In thefollowing, we make the simplifying assumptionthatpixel valuesin theimagemeasuresceneradiancedirectly.



thephotograptat if all pointsvisiblefrom are photo-consisterand everynon-ba&groundpixelis the projec-

tion of a pointin

De nition 3 (ShapePhoto-Consistency)A shape is photo-consistenwith a setof phota@raphsif there is an
assignmenof radiancefunctionsto the visible pointsof  that malesthe resultingshape-adiancedescription

photo-consistenwith all photayraphs.

Our goalis to provide a concretecharacterizatiomf the family of all sceneghatare photo-consistentvith
input photographs.We achiare this by making explicit the two waysin which photo-consistelycwith

photographganconstraima scenes shape.

2.1 Background Constraints

Photo-consistencrequiresthatno pointof  projectsto a backgroundpixel. If a photograptaken at position

containsgdenti able backgroundixels, this constraintrestricts to aconede nedby andthe photograpts
non-backgroungixels.Given  suchphotographghescends restrictedo thevisualhull, whichis thevolume
of intersectiorof their correspondingoneg10].

Whenno a priori informationis available aboutthe scenes radiance the visual hull de nes all the shape
constraintsn the input photographsThisis becausehereis alwaysan assignmenbf radiancegunctionsto the
pointson the surfaceof the visualhull thatmakestheresultingshape-radiancagescriptiorphoto-consistenwith
the inputphotographs. Thevisualhull canthereforebethoughtof asa “leastcommitmenteconstruction’df
the 3D scene—an furtherre nementof this volumemustnecessarilyely on additionalassumptiongaboutthe
scenes shapeor radiance.

While visualhull reconstructiorasoftenbeenusedasa methodfor recovering 3D shapdrom photographs
[21,57,58], the picture constraintscapturedby the visual hull only exploit information from the background
pixelsin thesephotographsUnfortunatelytheseconstraintdbecomeuselessvhenphotographsontainno back-
groundpixels(i.e.,thevisualhull degenerateto ) or whenbackgrounddenti cation [59] cannotbeperformed
accuratelyBelown we studythe pictureconstraintgprovidedby non-backgroungixelswhenthescenes radiance
is restrictedto a specialclassof radiancemodels.Theresultingpictureconstraintswill in generaleadto photo-

consistensceneshatarestrict subset®f thevisualhull.

SFor example setrad equalto thecolorat 'sprojection.



2.2 RadianceConstraints

The color of light re ectedin differentdirectionsfrom a singlescenepoint usuallyexhibits a certaindegreeof
coherencdor physicalsceneghatarenottransparenor mirror-like. This coherencerovidesadditionalpicture
constraintshatdepencentirelyonnon-backgroungixels. Herewe exploit thisideaby focusingon scenesvhose

radiancesatis esthefollowing criterion:

ConsistencyCheck Criterion: An algorithmconsist is availablethattakesasinput at least
colors , vectors , andthelight sourcepositiong(non-Lambertian
case),anddecideswhetherit is possiblefor a single surfacepoint to re ect light of color in

direction simultaneouslyor all

Givenashape , the Consisteng CheckCriteriongivesusaway to establistthe photo-consisterycof every
pointon 'ssurface.Thiscriterionde nesageneraklassof radiancenodelswhichwe call locally computable
thatarecharacterizety a locality property:theradianceatary pointis independenof the radianceof all other
pointsin the scene.The classof locally-computablegadiancemodelsthereforerestrictsour analysisto scenes
whereglobalillumination effectssuchastranspareng interre ection, andshadas canbeignored. This class
subsumes.ambertianradiance( ) aswell asradiancemodelsthat canbe expressedn closedform by a
smallnumberof parameter§.

Whenana priori locally computableadiancemodelis establishedor a physical3D scenethe modelpro-
videssufcient informationto determinewhetheror nota givenshape is photo-consistenwith a collectionof
photographsTheuseof radiancemodelsthatarelocally consistents importantin this context becausehe non
photo-consisteycof ashape tellsusagreatdealaboutthe shapeof theunderlyingsceneThisin turnimposes
avery specialstructureon the family of photo-consisterghapesWe usethefollowing two lemmasgo malke this
structureexplicit. Thesedlemmasprovide the analyticaltools neededo describenow the non-photo-consistey

of ashape affectsthe photo-consistenycof its subsetgFig. 3):

Lemmal (Visibility Lemma) Let bea pointon 'ssurface Surf , andlet Vis be the collection of

input photagraphsin which  doesnotocclude . If is ashapethatalsohas onits surface Vis
Vis
Proof: Since isasubsebf ,nopointof canlie between andthecameragorrespondingo Vis . QED

5Speci c examplesnclude(1) usingamobilecameramountedwith alight sourceto capturgohotographsf ascenaevhosere ectance
canbeexpressedn closedform (e.g.,usingthe Torrance-Sparm model[17,47]), and(2) usingmultiple cameraso capturegphotographs
of anapproximatelj\Lambertiarscenaunderarbitraryunknavn illumination (Fig. 1).
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Fig. 3: (a) lllustration of the Visibility Lemma. (b) lllustration of the Non-Photo-Consistepd_.emma. If
is non-photo-consiert with the photographsit , It IS non-photo-consiste with the entireset\Vis ,

which alsoincludes

Lemma 2 (Non-Photo-Consistency.emma) If Surf  isnotphoto-consistentith a subsebf Vis it

is not photo-consistenwith Vis

Intuitively, Lemmasl1 and 2 suggesthat both visibility and non-photo-consiehcy exhibit a certainform
of “monotonicity:” the Visibility Lemmatells usthatthe collectionof photograph$rom which a surfacepoint
is visible strictly expandsfor nestedsubsetsf that containthe point (Fig. 3(a)). Analogously the Non-
Photo-ConsistegcLemma,which follows asa direct consequencef the de nition of photo-consistencgyells
usthateachnewn photograptcanbe thoughtof asan additionalconstrainton the photo-consistencgf surface
points—themorephotographareavailable,themoredif cult it is for thosepointsto maintainphoto-consistenyc
Furthermorepncea surfacepointbecomesot photo-consisternio new photograptof thescenecanre-establish
photo-consisterycfor thatpoint.

Thekey consequencef Lemmasl and?2 is given by the following theoremwhich shawvs that non-photo-

consisteng ata pointrulesoutthe photo-consisterycof anentirefamily of shapes:

Theorem 1 (SubsetTheorem) If Surf  is not photo-consistentjo photo-consistergubsebf contains

Proof: Let be a shapethatcontains . Since liesonthesurfaceof |, it mustalsolie onthesurface

of . Fromthe Visibility Lemmait follows that \is Vis . The theoremnow follows by applying



theNon-Photo-Consistepd.emmato  andusingthelocality propertyof locally computableadiancemodels.
QED
We exploretherami cations of the Subsefheoremin the next sectionwherewe provide anexplicit charac-

terizationof the shapeambiguitiesnherentin theinput photographs.

3 The Maximal Photo-ConsistentShape

The family of all shapeghat are photo-consistentvith a collectionof  photographsle nes the ambiguity
inherentin the problemof recovering 3D shapefrom thosephotographs.This is becausét is impossibleto
decide,basedon thosephotographslone,which photo-consistenshapeis the shapeof the true scene.When

usingphotographso recover the shapeof a 3D scenethis ambiguityraiseswo questions:

Is it possibleto computea shapethat is photo-consistenwvith  photographsand, if so, whatis the

algorithm?

If aphoto-consisterghapecanbecomputedhow canwe relatethatshapeo all otherphoto-consister3D

interpretation®f thescene?

Beforeproviding a generabnswetto thesequestionave obsere thatwhenthe numberof input photographs
is nite, the rst questioncanbe answeredvith atrivial shape(Fig. 4). In generaltrivial shapesolutionssuch
asthis onecanonly be eliminatedwith the incorporationof freespaceconstraintsi.e., regionsof spacehatare
known notto containscenepoints.Our analysiscaptureghe (optional)inclusionof suchconstraintdy allowing
the speci cationof anarbitraryshape within which a photoconsistergcends known to lie.”

In particulay our generalanswerto both questiongestson thefollowing theorem.Theorem?2 shavs thatfor
ary shape thereis a uniquephoto-consistenshapethat subsumesi.e., containswithin its volume, all other

photo-consisterghapesn  (Fig. 5):

Theorem 2 (Maximal Photo-ConsistentShapeTheorem) Let beanarbitrary setandlet  betheunionof
all photo-consistersubsetof . Theshape is photo-consisterdindis calledthe maximalphoto-consistent

shape.

Proof: (By contradiction)Suppose is not photo-consisterindlet be a non-photo-consistt point on its
surface. Since , thereexists a photo-consistergdhape, , thatalsohas onits surface. It follows

from the SubsefTheorenthat is notphoto-consistenQED

"Notethatif , the problemreducego the casewhenno constrainton free spaceareavailable.
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Fig. 4: Trivial shapesolutionsin the absencef free-spaceonstraints A two-dimensionabbjectconsistingof
a blacksquarewvhosesidesarepainteddiffusered, blue,orange andgreenis viewed by four camerasCarving
out a small circle aroundeachcameraand projectingthe imageonto the interior of that circle yields a trivial
photo-consisterdhape.This is becauseo pointon ‘s surfaceis visible by morethanonecameraand,hence,

is photo-consistent.

Theorem?2 providesan explicit relationbetweenthe maximalphoto-consistergshapeandall otherpossible
3D interpretationf the scene:the theoremguaranteeshat every suchinterpretationis a re nementof the
maximalphoto-consistergahape.The maximalphoto-consisterghapethereforerepresents least-commitment

reconstructiorof thescene We describea volumetricalgorithmfor computingthis shapen the next section.

4 Reconstructionby SpaceCarving

An importantfeatureof the maximalphoto-consisterdhapeis thatit canactuallybe computedusinga simple,
discretealgorithmthat“carves” spacen awell-de ned way. Givenaninitial volume thatcontainsthe scene,
thealgorithmproceeddy iteratively remaving (i.e. “carving”) portionsof thatvolumeuntil it becomesdentical
to the maximal photo-consisterghape, . The algorithmcanthereforebe fully speci ed by answeringfour

guestions:(1) how do we selectthe initial volume , (2) how shouldwe representhat volume to facilitate

carving,(3) how do we cane at eachiterationto guarantee€ornvergenceto the maximalphoto-consisterghape,

11



Fig. 5: lllustrationof the Maximal Photo-ConsisterShapelheorem.The gray-shadedegion correspondso an
arbitraryshape containingtheobjectof Fig. 4. In thisexample, is a polygonalregion thatextendsbeyond
thetruesceneandwhoseboundaryis de ned by the polygonalsegments ,and . Whenthesesggmentsare
coloredasshavn, 'sprojectionis indistinguishabldrom thatof thetrue objectandno photo-consisterghape
in thegray-shadedegion cancontainpointsoutside . Thegoalof thealgorithmin Sectiord is to computethis
shapegiven , thephotographsandthe cameragpositions.Notethat 'sshapedependonthespecic scene
radiancemodelandcould be signi cantly differentfor a similarly-colored,non-difuse objectviewed from the
samepositions.Also notethatsincethe objectof interestdoesnot occupy the camerasentire eld of view,

alsodependn the brovn andturquoisecolorsof the “background, i.e., the visible portionsof the scenethat

arenot partof the objectof interest.

and(4) whendoweterminatecarving?

Thechoiceof theinitial volumehasa considerablémpacton the outcomeof thereconstructiomprocesgFig.
4). Neverthelessselectionof this volumeis beyond the scopeof this paper;it will dependon the speci ¢ 3D
shapeaecwery applicationandoninformationaboutthe manneiin which theinput photographsvereacquired®
Below we considera generahlgorithmthat,given  photographsindanyinitial volumethatcontainghescene,

is guaranteedb nd the(unique)maximalphoto-consisterghapecontainedn thatvolume.

8Exampledncludede ning  to beequalto thevisualhull or, in the caseof a cameramoving throughan environment, minusa
tubealongthe cameras path.
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In particularlet beanarbitrary nite volumethatcontainghe scene We represent asa nite collection
of voxels whosesurface conformsto a radiancemodel de ned by a consisteng checkalgorithm
consist . Usingthis representatioreachcarvingiterationremovesasinglevoxel from

TheSubsefTheoremeadsdirectlyto amethodfor selectinghevoxel to cane awvayfrom ateachiteration.
Speci cally, the propositiontells us thatif a voxel on the surfaceof is not photo-consistenthe volume

muststill containthe maximalphoto-consisterghape Hence jf only nonphoto-consistentoxels
areremovedateachiteration thecanedvolumeis guaranteetb convergeto themaximalphoto-consisterghape.
The orderin which non-photo-consistt voxels are examinedandremoved is not importantfor guaranteeing
correctnessCorvemgenceto this shapeoccurswhenno non-photo-consisté voxel canbe found on the surface
of the caned volume. Theseconsiderationgeadto the following algorithmfor computingthe maximalphoto-

consistenshapé

SpaceCarving Algorithm

Stepl: Initialize toasupersebfthescene.
Step2: Repeathefollowing stepsuntil a non-photo-consiste voxel is foundonthesurfaceof

a. Project toall photographén Mis . Let bethecolorsat 's projectionin eachphoto-

graphandlet betheopticalraysconnecting tothecorrespondingpticalcenters.

b. Determinethe photo-consisterycof usingconsist

Step3: If nonon-photo-consiste voxel is found, set andterminate.Otherwise set and

continuewith Step2.

The key stepin the spacecarvingalgorithmis the searchand voxel consisteng checkingof Step2. The
following propositiongivesan upperboundon the numberof voxel photo-consisterycchecksthat mustbe per

formedduringspacecarving:

Proposition1 Thetotal numberof requited photo-consistencgheds is boundedby whee isthe

numberof inputphotaraphsand isthenumberof voxelsin theinitial (i.e., uncarvedyolume

Proof: Since(1) the photo-consisteycof avoxel thatremainson 'ssurfacefor severalcarvingiterationscan
changeonly when\is changeslueto 'scarving,and(2) is expandsmonotonicallyas is carned

(Visibility Lemma),the photo-consisterycof mustbechecledatmost times.QED

Corvergenceto this shapds provably guaranteednly for scenesepresentablby a discretesetof voxels.
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Fig. 6: Visiting voxelsin orderof visibility. Sweepingaplane in thedirectionof increasing coordinate

ensureghatavoxel will bevisitedbeforeeveryvoxel thatit occludesfor all camerasvhoseoptical center
has coordinatdessthan . To exploit this obseration, the photo-consisterycof voxels on the sweepplaneis
evaluatedby consideringonly thosecameraghatlie “in front of” this plane(i.e.,thecameragiravn in yellow in

(a) and(b)). Intuitively, camerabecome‘active” whenthe sweepplanepassesverthem.

4.1 A Multi-Sweep Implementation of SpaceCarving

In orderto implementthe SpaceCarvingAlgorithm, the following threeoperationsperformedn Step2 of the
algorithm,mustbe supported(1) determineSurf , (2) computeVis for eachvoxel , and(3) check
toseeif is photo-consistenBecausearvingasinglevoxel canaffectglobalvisibility, it is essentiato beable
to keeptrackof visibility informationin away thatmaybeef ciently updated.

To reducevisibility computationsye usea multi-passalgorithmfor spacecarving. Eachpassof the algo-
rithm consistof sweepinga planethroughthe scenevolumeandtestingthe photo-consisterycof voxelson that
plane.Theadwantageof this plane-sweejlgorithmis thatvoxels arealwaysvisitedin anorderthatcapturesall
occlusionrelationsbetweernvoxelsandanappropriately-cheensubset of the cameraseachsweepguarantees
thatif avoxel occludesanothewoxel, , whenviewedfromacameran , will necessarilypevisitedbefore

. Thisis achized by choosing to bethesetof camerashatlie on onesideof theplanein eachpassFig. 6).

Speci cally, considertwo voxels and , suchthat occludes fromacamera
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centeredat . Sincethevoxel lies ontheline sgmentwith endpoints and , the following

relationsmusthold:

1)

)
Theseaelationssuggestwo rulesfor visiting voxelsin thescenevolume: (1) evaluatevoxelsin orderof increasing
coordinatej.e., groupvoxelsin aseriesof planes with  increasingand(2) for
agivenplane , consideronly cameragenteredat suchthat . Whenthesetwo rulesareobeyed,

Eq. (1), ensureghatvoxelswill bevisitedin orderof occlusion(i.e., before with respecto ary camera).
Similarly, Eqg. (2) tells usthatthe sameholdstruewhenthe planeis sweptin orderof deceasing coordinate.
Sweepingplanesin increasingor decreasing coordinatedoesnot treatthe casewhere . This
canbe handledwith the helpof anadditionalsweepthroughthe volumein eitheroneof the positive or negative
or directions.
Ratherthanexplicitly storingevery voxel in the volume,we chosea moreef cient datastructurethatrepre-

sentshevolumeasa collectionof 1-D spansSpeci cally, thevolumeis representedsa 2D array of span

lists:
Eachspan correspondso an intenal to thatis containedwithin the volume; a
point liesinsidethevolumeif andonlyif is containedn a spanof . Becausehealgorithm

visitsvoxelsin  and order thisinsidetestcanbe performedn constantime—thisis achiazedby maintaining
spandgn doubly-linked lists, sortedin bothincreasinganddecreasing .

Note that eachplanesweepconsideronly a subsetf the cameragrom which a voxel may be visible. In
orderto ensurgphoto-consisteryoof voxelswith all inputviews, multiple sweepsreneededOurimplementation
cyclesthroughsix directionsn eachpassj.e.,in increasing/decreegy , ,and directionsandappliesepeated

passesintil the carvingprocedureonverges. This typically occursafter2 or 3 passes.

5 Experimental Results

In this sectionwe presentesultsfrom applyingour volumetricimplementatiorof the SpaceCarvingAlgorithm

to two realandonesynthetidmagesequenceln all examplesaLambertiamrmodelwasusedfor the Consisteng

15



(@) (b) ()

Fig. 7: Reconstructiorof a wood sculpture. One of 21 input imagesis shavn (a), alongwith views of the

reconstructiorirom similar (b) andoverheadc) views.

CheckCriterion,i.e.,it wasassumedhatavoxel projectsto pixelsof thesamecolorin everyimage.Thestandard
deviation of thesepixelswasthereforeusedto determinewvhetheror notavoxel shouldbe caned.

We rst ranthealgorithmon severalimagesof a woodensculptureto evaluatethe performancef our multi-
passimplementatiorwith photograph®of a real object. The imageswere acquiredby placingthe objecton a
calibratedpan-tilt headandrotatingit in front of a camera.To facilitatethe carvingprocessthe imageswere
alsothresholdedo remove blackbackgroundixels. Backgroundsegmentationis not strictly necessaryaswill
bedemonstratedh the next experiment.Weincludethis steponly to illustratethatbackgrounatonstraintswhen
available,areeasilyintegratedinto thealgorithm.

A high threshold(18% averageRGB componenterror) was usedto compensatdor calibrationerror and
strongchangesn illuminationdueto objectrotation.Consequentlysome ne detailswerelostin the nal recon-
struction. Theinitial volume, , waschoserto bea solid cubecontainingthe sculpture Fig. 7 shavs a selected
inputimageandnew views of thereconstruction, . As canbe seenfrom theseimagesthereconstructiortap-
turesthe shapeof the sculpturequite accuratelyalthough ne detailslike the woodgrainareblurred. With the
exceptionof afew strayvoxels, thereconstructiorappeargjuite smoothandconnectedin spiteof thefactthat
no smoothnesbiaswasusedby thealgorithm. The reconstructionwhich requireda total of 24 sweepshrough

the volume, contains22000voxels, all of which lay on the surfaceof the reconstruction.lt took 8 minutesto
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Fig. 8: A sequencef sixteend86x720RGB imagesof agagoyle stonesculpture. The sequenceorrespondso

acompleterotationof the objectin front of a stationarycameraperformedn degreeincrements.

compute onal50MHz R4400Silicon Graphicdndy workstation.

We next ranthe SpaceCarvingAlgorithm on 16 imagesof agalgoyle sculptureg(Fig. 8). Theseémageswere
acquiredby rotatingthe objectin front of a stationarycameraandmanuallyalteringthe objects backgrounde-
foreeachimagewasacquired.Thislatterstepenabledompleteaeconstructiomf thesculpturewithoutary initial
segmentatiorstep—thespacecarvingprocessffectively removedall backgroungixelsin all inputphotographs
becauséehe varying background&nsuredhat photo-consisteryccould not be enforcedfor pointsprojectingto
non-objecipixels. The sub-pixel calibrationerrorin this sequencalsoenabledusinga smallerthresholdof 6%
for theRGB componenerror Thisthresholdalongwith thevoxel sizeandthe 3D coordinate®f aboundingoox
containingthe objectweretheonly parametergivenasinputto ourimplementationFig. 9 shavs selectednput
imagesandnew views of the reconstruction, . This reconstructiorconsistedf 215 thousandsuriacevoxels
thatwerecared outof aninitial volumeof approximatelys1 million voxels. It took 250 minutesto compute

onanSGI 02 R10000/175MHzvorkstation.
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Fig. 9: Reconstructiorof a gagoyle sculpture.Oneof 16 inputimagesis shawvn (a), alongwith views of the

reconstructiorirom thesame(b) andnew (c-d) viewpoints.
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Notethatthe nearperfectsegmentatiorachisered throughspacecarvingwasperformednotin image-space,
but in 3D object space—thébackgrounday outsidethe initial block of voxels and was thereforenot recon-
structed. This methodof 3D backgroundsegmentationhassigni cant advantagesover imagesubtractionand
chroma-leying methodsbecausét (1) doesnot requirethe backgroundo be known and (2) will never falsely
eliminateforegroundpixels, astheseformertechniquesreproneto do [59]. Someerrorsarestill presenin the
reconstructionpotablyholesthatoccurasaresultof shadavs andotherilluminationchangesTheseeffectswere
not modeledby the Lambertiarmodelandthereforecausedioxelson shadawed suriacesto becaned. The nite
voxel size,calibrationerror andimagediscretizatioreffectsresultedn alossof some ne surfacedetail. Voxel
sizecould befurtherreducedwith bettercalibration,but only up to the point whereimagediscretizatioreffects
(i.e., nite pixel size)becomeasigni cant sourceof error

Thisexperimenthighlightsanumberof advantage®f ourtechniqueover previousreconstructiompproaches.
Existing multi-baselinestereotechniqueq1] work bestfor denselytextured scenesand sufer in the presence
of large occlusions.In contrastthe gagoyle sequenceontainsmary low-texturedregionsandvery dramatic
changesn visibility, dueto the completerotation of the objectin front of the camera. The low-texture and
occlusionpropertiesalsocauseproblemsfor feature-basedtructure-from-motiomethodg37,43,60,61], due
to thedif culty of locatingandtrackinga sufcient numberof featureghroughouthe sequenceWhile volume
intersection[10,21,56] and other contourbasedtechniqued®6, 8,9,41,42,62] are often usedsuccessfullyin
similar experimentsthey requirethe detectionof silhouettesor occludingcontours.For the galgoyle sequence,
thebackgroundvasunknavn andheterogeneoumakingthe contourdetectiorproblemextremelydif cult. Note
alsothatSeitzandDyer's voxel coloringtechniqug29] would not work for this sequencéecausef thecamera
con guration, i.e., the sceneintersectghe corvex hull of the cameracenters. The SpaceCarving algorithm
succeed$or this sequencéecauset integratesbothtexture andcontourinformationasappropriatewithoutthe
needto explicitly detectfeaturesor contoursin the images. Our resultsfor both the gaigoyle andthe wooded
sculpturesequencealsosuggesthatthe SpaceCarvingAlgorithm performswell bothfor sequencethatcontain
signi cant color variationaswell asfor sequencewheretheobjectsareessentiallygray-scale.

In athird experiment,we appliedthe SpaceCarvingAlgorithm to renderedmagesof a syntheticbuilding
scene.To reconstructhe entirescenecamerasvereplacedbothin theinterior andexterior of the building (Fig.
10) and the resultingimageswere presentedo the algorithmin a randomorder This placemenif cameras
yieldsanextremelydif cult steregoroblem,dueto thedrasticchangesn visibility betweerinteriorandexterior

cameras? Thevoxel spacevasinitializedto a block, containingroughly 7 million voxels. The

10For example,the algorithmsin [29, 30] fail catastrophicallyor this scenebecausehe unconstrainediistribution of theinput views
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Fig. 10: Camerador the building scene.Camerasvereplacedin boththeinterior andexterior of a building to
enablesimultaneousgcompletereconstructiorof its exterior andinterior suriaces. The viewpointsusedby the

carvingalgorithmareshavn in gray;thetwo red cameragorrespondo the building's views in Figs. 12(a)-(d).

carvingprocesorvergedafter 2 passesiequiringroughly anhourand40 minutesof computationt! The nal
modelcontained370thousand/oxels.

Figs.11 and12 compareheoriginalmodelandthereconstructiorirom arangeof differentviewpoints.The
delity of the modelis very goodnearthe input viewpoints,asdemonstratech Fig. 11 (a)-(d). As onemight
expect,the visual quality of the reconstructiordegradedor viewpointsfar from the input camerasasshavn in
the overheadview (Fig. 13 (b)), but is still quite reasonable Including the overheadview in the setof input
imagesandrecomputinghe reconstructioryields a dramaticimprovementin quality, asshavn in Fig. 13 (c).
Notethatincorporatingsucha disparateview is straightforvard, owing to theuniqueability of the SpaceCarving
Algorithm to integrateimagesfrom camerasn arbitrary positionsand orientations. Also notethatthe ability
to incorporatethe entire setof inputimagesinto a single,uni ed reconstructiorprocessallows usto generate
novel views of the scenein which the interior andthe exterior of the building are visible simultaneouslyFig.
12(a)-(d)).

andtheresultingocclusionrelationshipsiolatetheassumptionsisedby thosealgorithms.
n our implementationcorvergenceoccurswhena pass(i.e., 6 planesweepsompleteswith only a small percentag®f voxels
canedaway duringthatpass—3%n the caseof thebuilding scene.
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Fig. 11: Reconstructionf thebuilding scene Renderedmagesof thebuilding (left) arecomparedo views of the

reconstructiorfright). (a) and(c) aretwo of theinputviews, from outsideandinsidethe building, respectiely.

6 Concluding Remarks

This paperintroducedphoto-consistencgheoryasa new, generamathematicalramevork for analyzingthe 3D
shaperecorery problemfrom multiple images. We have shavn thatthis theoryleadsto a “least commitment”
approachor shaperecorery anda practicalalgorithmcalledSpaceCarvingthattogetherovercomeseveral lim-

itationsin the currentstateof the art. First, the approachallows us to analyzeand characterizehe setof all
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possiblereconstruction®f a scene without committingto heuristicshapeor cameraconstraintsand without
committingto a speci ¢ algorithmor implementation.Secondthis is the only provably-correctmethod,to our
knowledge,capableof reconstructingion-smoothfree-formshapegrom cameragositionedandorientedin a
completelyarbitraryway. Third, the performanceof the SpaceCarving Algorithm was demonstrateen real
andsyntheticimagesequencesf geometrically-compleobjects,ncludingalarge building scenephotographed
from bothinterior andexterior viewpoints. Fourth,the useof photo-consistelycasa criterionfor 3D shapere-
covery enableghe developmentof reconstructioralgorithmsthatallow faithful imagereprojectionsandresohe
thecomples interactiondetweerocclusion parallax,andshadingeffectsin shapeanalysis.

While the SpaceCarving Algorithm's effectvenesswvas demonstratedh the presenceof imagenoise,the
photo-consistenctheory itself is basedon an idealizedmodel of imageformation. Extendingthe theoryto
explicitly modelimagenoise,quantizatiorandcalibrationerrors,andtheir effectson the maximally consistent
shapds anopenresearciproblem.Extendingtheformulationto handlenon-locallycomputableadiancanodels
(e.g.,shadws)is anotheimportantopicof futurework. Otherresearchdirectionanclude(1) developingoptimal
spacecarving algorithmsfor noisy images,(2) investigatingthe useof surface-basedatherthanvoxel-based
techniquegor nding themaximalphoto-consisterghape(3) usinga priori shapeconstraintge.g.,smoothness)

to re ne thatshapeand(4) analyzingthetopologicalstructureof thefamily of photo-consisterghapes.
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(a) (b)

(©) (d)

Fig. 12: Views from viewpointsnearthe input camerasRenderedmagesof the building (left) arecomparedo
views of thereconstructiorfright). Theviewsin (a) and(c) correspondo the (non-input)redcamerasn Fig. 10.

(@) (b) (c)

Fig. 13: Views of the reconstructiorfrom far away cameraviewpoints. (a) shavs a renderedop view of the
building, (b) the sameview of the reconstructionang{c) a newv reconstructiorresultingfrom addingimage
(a) to the setof input views. Note thataddinga singletop view drasticallyimprovesthe visual quality of the
reconstruction.
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