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Markov Random Processes

L

# A random sequence has the Markov property if its distribution is
determined solely by its current state. Any random process
having this property is called a Markov random process.

# For observable state sequences (state is known from data), this
leads to a Markov chain model.

# For non-observable states, this leads to a Hidden Markov Model/
(HMM).




Hidden Markov model
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# Hidden Markov model (HMM)

s X, IS called the hidden state and Z, is called the observation
= Markov chain P(sqy|S{,..rS¢) = P(Sy.q | S¢)

P(o, | sq,..., s.)=P(o, | s
s As the result ©cls-80) =PocIs)

P(Sp...S¢,0110101) = P(51)P(0y| s1>_1ﬁ2[P(si 15,1)P(; 5]

(s0) ser)

Ot Ot +1
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HMM Elements
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# An HMM for discrete symbol observation
-N
the number of states in the model {1, 2, eny N}
the state at time t > St

-M
the number of distinct observation symbols per state

V ={v,V,,....Vy }




HMM Elements (2)
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-d:

- bj (k) : the observation symbol probability distribution : B

J

the state-transition probability distribution : A

& = pls.. = Jls =11

bj (k) = p[ot = Vi |St = ]]

1<i, j<N

1<k<M
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HMM Elements (3)
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- T the initial state distribution, 7
m=pls=1] 1<i<N
- Compact Notation of a HMM Model

A=(AB,7x)

> p(o,0,,..0 | 4,5,S,,....,5; )
= ﬂ-lb% (Ol)a(h% sz (02)' ' .aq(T—l)qT qu (OT )




A General Case HMM
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HMM Generator
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Choose an initial state ( S, = | ) € initial state distribution
Set-f =1

Choose Ot — Vk < symbol probability distribution

Transit to a new state S;,; = ] & state transition probability
distribution

Set t=t+1 returntostep3ift<T ;
otherwise, terminate the procedure
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HMM Properties

# Often simplified
7(s,=1)=1,ad 7(s >1)=0

# Obviously
> ja; =1 foralli

# Discrete HMMs :

. V={v;,V,,..v0y }
# Continuous HMMs :

V =R
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HMM Properties (2)

The term “hidden”
- we can only access to visible symbols (observations)
- drawing conclusions without knowing the hidden sequence of states

Causal: Probabilities depend on previous states

Ergodic if every state is visited in transition sequence for any given
Initial state

Final or absorbing state: the state which, if entered, is never left
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3 Basic Problems
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# The Evaluation Problem
- given an HMM A
- given an observation 0, 0,,...0;
- compute the probability of the observation

P{0,,0,,..0; | A}




3 Basic Problems (2)
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#® The Decoding Problem
- given an HMM A
- given an observation 0, 0,,...0;
- compute the most likely state sequence

S,y Syyeens Sy
e AgMaXy o PSS [0;,0,,0p, 4)
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3 Basic Problems (3)

#® The learning / optimization problem
- given an HMM A
- given an observation 0;,0,,...0;
- find an HMM such that

p{o,,0,,..0; [4}> p{0,,0,,..0; [ 4}
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The Evaluation Problem

4

# We know :

p(ol’OZ""OT |1151’52’---’ST)

”(Sl)bﬂ (Ol)H k=1,.T-1 aSk Sk+1 b5k+1 (Ok+1)

- From this :

p(0,,0,,..0; [ 1)

Z 251:11--“ ﬂ(sl)bsl (Ol)H k=1,.T-1 a5k5k+1 b5k+1 (Ok+1)

32 :1,N

st=1...N
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The Evaluation Problem(2)
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# Obvious:

for sufficiently large values of T, it is infeasible to compute the above
term for all possible state sequences - need other solution
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The Forward Algorithm
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# At time t and state i, probability of partial observation sequence
a,(1)=P(0,...,0;, 5, =1] 1)
o o)=xb() 1<i<N

>A[time][state] : array

®

at+1( J) = [Z at (i)aij ]bj (Ot+1)
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The Forward Algorithm (2)

# Altime][state] = ¢, .. (State)

ime

#® As aresult at the last time T

p(0,,0,,..0; | 1) =D A[T][state]

state
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The Backward Algorithm

B (i) =P(0yy,.0p | 5, =1,4)
,BT (') =1

ﬁt (I) = Z aijbj (0t+1)ﬂt+1( J)

t=T-1T-2,..1

p(0,,0,,..0; [4) = Zﬂ'(j)bj (0))5.())
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b+ 1

Hr“' |E++q|:j|:
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The Decoding Problem

# Finding the “optimal” state sequence associated with the given
observation sequence




Forward-Backward
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# Optimality criterion : to choose the states (; that are individually most
likely at each time t

# The probability of being in state i at time t
7i()=p(s, =1]0,4)
__a()A ()
N

2. ()4()

. i=1 _
& O, (I) : accounts for partial observation sequence 0;,0,,...0,
@*,Bt (1): account for remainder Opyq10¢, 5407




The Viterbi Algorithm
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# The best score along a single path, at time t, which accounts for the
first t observations and ends in state |

o, (1) =max p(s,,....s, =1,0,,...0, | A)
@ It can be derived that
5t+1( J) = [mIaX é‘t (i)aij ]bj (Ot+1)
# Keep track of the argument that maximize above equation

w. (1)

# Viterbi Algorithm is similar in implementation to the forward calculation,
but the major difference is the maximization over previous states




The Complete Procedure

(for finding the best state sequence)
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# |nitialization
6,(1) = z,b,(0,)
w,(1)=0

# Recursion

6,(]) = Egﬁ([@_l(i)aij]bj (0,) <t <T
w, (1) =argmax[s,, (i)a;] 1< j<N
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The Complete Procedure (2)

(for finding the best state sequence)

L

# Termination

P = max(5, (i)]

1<i<N

S: = arg max[o; (1)]

1<i<N

#® Path(state sequence) backtracking

St* = l/[[+1 (St*+1)
t=T-1,7T-2..1




The Learning / Optimization
problem
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# How do we adjust the model parameters to maximize

P(O|A) 72

- Parameter Estimation

- Baum-Welch Algorithm ( EM : Expectation Maximization )
- Iterative Procedure
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Parameter Estimation
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# Probability of being in state i at time t, and state j at time t+1

&1, 1) =P(s =1,5,,=1]0,4)
at (i)aijbj (Ot+1)ﬂt+1( .I)

N

Z Z a,(1)a;b;(0,,,)5,1())

i=1 j=1
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Parameter Estimation (2)

N

L

# Probability of being in state i at time t, given the entire observation
sequence and the model

=2 &)

# We can relate these by summing over |




Parameter Estimation (3)
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# By summing over time index t ...
- expected number of times that state i visited
- expected number of transitions made from state i

e Thatis ...

T-1
Z7t (1) = expected number of times that state i in O

t=1
T-1

Zg;t(i, j) = expected number of transitions made from state i to |
t=1 in O
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Parameter Estimation (4)
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¢ update | = (A, B, r)using ft(i, ]) & 7(t)

i =7,(1)

. expected frequency (number of times) in state i at time (t=1)
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Parameter Estimation (5)
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#® New Transition Probability ...

expected number of transitions from state i to j

expected number of transitions from state |

AH)

éij =

W30

t



Parameter Estimation (6)
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# New Observation Probability...

expected number of times in state j and observing symbol V,

expected number of times in |
T

> 7

t=1

Bj (k) _ S.t.0 =V,

T

Z_:%(j)
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Parameter Estimation (7)
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& FromA = (A, B, 7). if we define new A= (A, BJ_T)
- New model is more likely than old model in the sense that
P(O|A)>P(O| 1)

- The observation sequence is more likely to be produced by new
model

- has been proved by Baum & his colleagues

- iteratively use new model in place of old model, and repeat the
reestimation calculation - “ML estimation”




