AMS 241: Bayesian Nonparametric Metho ds (Win ter 2009)

Instructor: AthanasiosKottas, Department of Applied Mathematics and
Statistics, University of California, Sarta Cruz

Notes 2: Diric hlet pro cess mixture models { Metho dology
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[
2. Mo del details, examples, hierarc hical form ulation

The Diric hlet process(DP) has beenthe most widely used prior for the
random mixing distribution, following the early work by Antoniak (1974), Lo
(1984) and Ferguson (1983)

Diric hlet pro cess mixture mo del
z

F(;G)= K(;)G(); G DP(; Go)
with K (; ) a parametric family of distribution functions indexed by
Corresponding mixture density (or grobabilit y mass) function,

f(;6) = k(; )dG()
where k( ; ) is the density (or probabilit y mass) function of K (; )

BecauseG is random, the distribution function F( ; G) and the density
function f ( ; G) are random (Bayesian nonparametric mixture models)
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In tro duction

1. Intro duction

Mixture models arise naturally as exible alternativ esto standard
parametric families

Contin uous mixture models (e.g., t, Beta-binomial and Poisson-gamma
models) typically achieve increased heterogeneity but are still limited to
unimodality and usually symmetry

Finite mixture distributions provide more exible modeling, and are now
feasible to implement due to advancesin simulation-based model tting
(e.g., Diebolt and Robert, 1994; Richardson and Green, 1997; Stephens, 2000;
Jasra, Holmes and Stephens, 2005)

Rather than handling the very large number of parameters of nite mixture
models with a large number of mixands, it may be easierto work with an
in nite dimensional speci cation by assuminga random mixing
distribution, which is not restricted to a speci ed parametric family

. 2/36
AMS 241 | Win ter 2009 Athanasios  Kottas

Mo del details, examples, hierarc hical form ulation

Contrary to DP prior models, the DP mixture F( ;G) can model both
discrete distributions (e.g., K (; ) might be Poissonor binomial) and
contin uous distributions, either univariate (K (; ) can be, e.g., normal,
gamma, or uniform) or multiv ariate (with K (; ), say, multiv ariate normal)

Seweral useful results for general mixtures Ipf parametric families, e.g.,

I (discrete) normal location-scale mixtures, jle wWiN(j g J?), can
approximate arbitrarily well any density on the real line (Lo, 1984; Ferguson,
1983; Escobar and West, 1995) | analogously, for densities on RY (West et al.,
1994; Muller et al., 1996)

I for any non-increasing density f (t) on the positiv e real line there exists a
distribution function G such tlagt f can be represented as a scale mixture of
uniform densities, i.e., f (t) = 11[0; y(DAG( ) | the result yields exible DP
mixture models for symmetric unimo dal densities (Brunner and Lo, 1989;
Brunner, 1995) as well as general unimo dal densities (Brunner, 1992; Lavine and
Mockus, 1995; Kottas and Gelfand, 2001; Kottas and Krnja jic, 2009)
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Mo del details, examples, hierarc hical form ulation

Typically, semiparametric DP mixtures are employed
. irizd: R .
i iG; ;G )= k(;; )dG(); i=1u5n
G DP( ; Go)
with a parametric prior p( ) placed on (and, perhaps, hyperpriors for
and/or the parameters of Go  Go( j ))

Hierarc hical form ulation for DP mixture models: intro duce latent
mixing parameter ; assaiated with y;

. ind:

Yij i ©okQyis i )y = 1n
ijG pi: G; i=1:3n
Gj; DP(; Go); Go= Go( j )
. pC )p( JpC )
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Prior speci cation

3. Prior specication

Taking expectation over G with respect to its DP prior DP( ; Go),
EfF(;G; )g= F(;Go; ), and Eff (;G; )g= f(;Go; )

These expressionsfacilitate prior speci cation for the parameters of
Go(j )

Recall that for the DP( ; Go) prior, controls how close a realization G is
to Go

In the DP mixture model, controls the distribution of the number of
distinct elemerts n of the vector = ( 1;::; n), and hencethe number of
distinct componerts of the mixture (Antoniak, 1974; Escobar and West, 1995;
Liu, 1996)
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Mo del details, examples, hierarc hical form ulation

In the context of DP mixtures, the (almost sure) discretenessof
realizations G from the DP( ; Go) prior is an asset| it allows ties in the
i, and thus makes DP mixture models appealing for many applications,

including density estimation, classi cation, and regression

P
Using the constructiv e de nition of the DP, G = ?=1 1+ 4., the prior

probabilit y model f ( ;G; ) admits an (almost sure) represertation asa
countable mixture of parametric densities,

%
G )= k(#)

-

I weights 1= 2,! =2 Q;:11(1 z), = 2,with z iid. Beta(l, )
! locations: #- i.i.d. Go
(and the sequenced z;, r = 1,2,..gand f#, = 1,2,..g are independert)

This formulation has motiv ated study of seweral variants of the DP mixture model
(we will be discussing in class some of them)
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Prior speci cation

In particular,
= H = | m ( ) . -
Pr(n mj )= ca(m)n! T +ny m = 1;::;n;
where the factors ¢,(m) = Pr(n = mj = 1) can be computed using

certain recurrence formulas (Escobar and West, 1995)

R
If is assigneda prior p( ), Pr(n = m)=Pr(n =mj )p( )d

Moreover, for moderately large n,

En j ) log —"

and
n
Var(n j ) log

(o]

+
nq

which can be further averagedover the prior for to obtain, for instance, a
prior estimate for E(n )
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Prior speci cation Metho ds for posterior inference

[ [
Two limiting special casesof the DP mixture model 4. Metho ds for posterior inference
Data = fy;;i = 1;::;ng, i.i.d., conditionally on G and , from f (;G; )
P +
One distinct componert, when ! 0 (if the model includes a regression component, the data also include the covariate
Vi ind: K(yi: ;) i=1L:0n vecto‘rs Xi, and, in such cases, , typically, includes the vector of regression
. . coe cien ts)
i Go( ] )
. p( )p( ) Interest in inference for the latent mixing parameters = ( 1;::; ), for
' (and the hyperparameters , ), for f (yo;G; ), and, in general, for
functionals H (F(;G; )) of the random mixture F(;G; ) (e.g., cdf
function, hazard function, mean and variance functionals, percertile
n componerts (one assaiated with ead obsenation), when | 1 functionals)
Vi i ind: k(yi; i; ); 1= 1;:5n Full and exact inference, given the data, for all these random quantities is
P B Ge( ) i= Lin basedon the joint posterior of the DP mixture model
; pC )p( ) p(G;; ;; |data)
. . 9/36 . . 10/36
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Metho ds for posterior inference Metho ds for posterior inference
[ [
4.1. Marginal posterior simulation metho ds The marginal posterior p( ; ; ; jdata) corresponds to the marginalized

version of the DP mixture model, obtained after integrating G over its DP

Key result: represertation of the joint posterior (Antoniak, 1974)
prior (Blackwell and MacQueen, 1973),

PG5 5 Jdat)=p(Gj ;; )p( 5 5 ]data) _ - _
Yij ois ©okQyis iy )y = Ln
' p(;; ; |data) is the marginal posterior for the nite-dimensional = ()i PC 15 )
portion of the full parameter vector (G; ; ;; ) o p(C JpC Jp( )
' Gj ., DP(+ Gop), where ~= + n, and
X0 The induced prior distribution p( j ; ) for the mixing parameters ; can
Go() = - nGO( i )+ i - O be developed by exploiting th8e Polya urn characterization of the DP, .
p = o ] v < ) X 1 =
(hence, the cdf, Go(t) = ——+Go(t] )+ —2= Ly 1.1 (1) PC 15 )=0Co(1] ) . — 5G] )+ —=— 0.

i=2 " j=1
Sampling from the DP( + Gp) is possible using one of its de nitions |

thus, we can obtain full posterior inference under DP mixture models if we
can sample from the marginal posterior p( ; ; ; ] data)

I for increasing sample sizes, the joint prior p( j ; ) getsincreasingly
complex to work with
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[ [
Simulation-based model tting

Note that, although the joint prior p( j ; ) hasan awkward expression

Therefore, the marginal posterior for samplesof realistic size n, the prior full conditionals have conveniernt

. . A expressions
p( 55 5 jdata)/ p( j i )p()pC )pC ) klyis i5 ) x 1
i=1 . . . . 1
' pCijfjiisig: )= ————=0Co(i] )* ——— ;i)
is dicult to work with | even point estimates practically impossible to j=1
compute for moderate to large sample sizes Key idea: (Escobar, 1988;1994) setup a Markov chain to explore the
posterior p( ; ; ; jdata) by simulating only from posterior full
Early work for posterior inference: conditional distributions, which arise by combining the likelihood terms
I someresults for certain problems in density estimation, i.e., expressions with the corresponding prior full conditionals

for Bayes point estimates of f (yo; G) (Lo, 1984; Brunner and Lo, 1989)

I approximations for special cases,e.qg., for binomial DP mixtures (Berry

and Christensen, 1979)

I Monte Carlo integration algorithms to obtain point estimates for the

(Ferguson, 1983; Kuo, 1986a,b) Seweral other Markov chain Monte Carlo (MCMC) methods that improve
on the original algorithm (e.g., West et al., 1994; Escobar and West, 1995; Bush
and MacEachern, 1996; Neal, 2000; Jain and Neal, 2004)

(in fact, Escobar's algorithm is essetiially a Gibbs sampler developed for a
speci ¢ classof models!)
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[ [
A key property for the implementation of the Gibbs sampler is the
discretenessof G, which induces a clustering of the (&) Foreadhi = 1;::5;n
I n : number of distinct elemerts (clusters) in the vector ( 1;::; n) P
I, =1..n : the distinct ; @h(ij v+ oma (i)
I w = (wsq;:;wWp): vector of con guration indicators, de ned by w; = | if p(ij o i°6i :: i data) = 5 1=
andonly if = ;,i=1,.n o+ NG
I nj: sizeof j-th cluster, i.e., nj = jfi:w; =jgj,j = 1,..,n 1=
Evidently, (n ;w;( 1;:5 o ) yields an equivalent represertation for Pg =k ) _
(1::5 n) D= k(i 3 )G( ] )d
PohCid sy ki s )9(id )
. ) I go is the density of Go

Standard Gibbs sampler to draw from p( ; ; ; jdata) (Escobar, 1994; ! superscript \ " denotesall relevant quantities when ; is removed from
Escobar and West, 1995) is based on the following full conditionals: the vector ( 1;::; n), €.g.,n s the number of clustersin f 0:i°6 ig
@ p(ijfio:i®6ig;; ;; data), fori = 1,..,n
(o) p( jn ;data) andp( j ;;j=Lu5n ;n)
© p( jf i:i= 1::ng;data) Note that updating ; implicitly updates w;, i = 1,..,n | before updating +1,
(the expressionsinclude conditioning only on the relevant variables, exploiting the weredene n, ;,j = 1..n,wii=1..nandn;,j=1..n

conditional independence structure of the model and prop erties of the DP)
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Metho ds for posterior inference

(b) Although the posterior full conditional for is not of a standard form,
an augmertation method facilitates sampling provided the prior for isa
gamma distribution (say, with meana =b ) (Escobar and West, 1995),

p( jndata) / p() " ks
I p()"™ Y +n)Beta( +1;n)
n 1 Rl n 1
I op() (+n) 2x (1 x)" tdx

! introduce an auxiliary variable such that
p(; jnidata)/ p( ) " *C +n) @ )"

I extend the Gibbs sampler to draw from p( j ; data) = Beta( + 1;n),
and p( j ;n ;data), which is given by the two-component mixture

pgamma(a + n ;b log( )) + (1 p)gamma(a + n 1;b log( ))

wherep= (a +n 1)=fn(b log( ))+a +n 19
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Metho ds for posterior inference

Impro ved Gibbs sampler (West et al., 1994; Bush and MacEachern, 1996):
adds one more step where the cluster locations ; are resampled at each
iteration to improve the mixing of the chain
I at ead iteration, once step (a) is completed, we obtain a specic
number of clusters n , and a speci c con guration w = (Wq;:; Wn)
I after the marginalization over G, the prior for the ;, given the partition
(n ;w), is given by

¥

pP(; ti=1u5n jnw; )= go(jJ )
j=1

i.e., givenn andw, the ; areiid. from Go

I hence,for each j = 1,...,n , the posterior full conditional

Y
p(j jw;n; ;; data)/ go( ;| ) K(yi; ;)

fi:wi=jg
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Metho ds for posterior inference

Regarding the parameters of G,

¥
p( j j:i=Lxin sn)/ p() Q] )
j=1

leading, typically, to standard updates

(c) The posterior full conditional for doesnot involve the nonparametric
part of the DP mixture model,

N
p( jf i:i=1::;5ng;data)/ p( ). k(yi; i; )

i=1
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Metho ds for posterior inference

Note : the Gibhs sampler can be dicult or ine cien t to implement if

I the integral k(y; ; )g( j )d is not available in closedform (and
numerical integration is not feasible or reliable)

and/or

I random generation from h( j ;; y)/ k(y; ; )d( j ) is not readily
available

For such cases,alternativ e MCMC algorithms have been proposedin the
literature (e.g., MacEachern and Meuller, 1998; Neal, 2000; Dahl, 2005; Jain and
Neal, 2007)

Extensions for data structures that include missing or censoredobsenations
are also possible (Kuo and Smith, 1992; Kuo and Mallic k, 1997; Kottas, 2006)

Alternativ e (to MCMC) tting technigues have also been studied (e.g., Liu,
1996; MacEachern et al., 1999; Newton and Zhang, 1999; Blei and Jordan, 2006)
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Metho ds for posterior inference Metho ds for posterior inference

[ [
Posterior predictive distributions The posterior predictiv e distribution for yg is given by
. R S o
Implementing one of the available MCMC algorithms for DP mixture p(yo j data) = (Yojn sw; 55 5 )p(nsw; ;5 ;5 jdata)
models, we obtain B posterior samples = P(yoj o; JpCojn sw; ;5 )p(n ;w; ;; ; jdata)
fo=(ib:i=1:n0); b b bg; b= 115B; ! hence, a sample (yo.p, : b= 1;::;B) from p(yo j data) can be obtained using the

MCMC output: for each b= 1;::; B, we rst draw oy from

P( 0 NyiWh; 5 b b), and then draw yo.p from p(yoj on: b) = K(; obi b)

from p( ;; ; |jdata), equivalently, posterior samples

MoiWoi 6= (jp:] = Lonme)i of b b 3 D= L5B; To further highlight the mixture structure, note that we can also write

from p(n ;w; = (;:j=Luxn); ;5 jdata) _ R R , P
p(yojdata) = (—+ K(oj ; )oo( j )d + —+  njk(yo; ;i ))
Bayesian density estimate is basedon the posterior predictiv e density =1 _
p(yo j data) corresponding to a new yo with assaiated mixing parameter o p(n sw; 55 5 jdata)
Using, again, the Polya urn structure for the DP, I the integrand above is a mixture with n + 1 components | the last n
components (that dominate when is small relativ e to n) yield a discrete mixture
S . (in ) of k(; ; ) with the mixture parameters de ned by the distinct ; | the
n;w; ;; = G + nj . I ) . . . L U
P( o] ) +n o(o] ) +n =1 b (o) posterior predictiv e density for yo is obtained by averaging this mixture with
respect to the posterior of n , w, and all other parameters
. 21/36 . 22/36
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[ [
Inferencefor generalfunctionals of the random mixture Such inferencesrequire the posterior of G | recall,
Note that p(yo j data) is the posterior point estimate for the density p(G;; ;; jdata)=p(Gj ;; )p(;:; ; |data)
functional f (yo;G; ) (at point yo), i.e., p(yo j data) = E(f (yo;G; ) j data) _ ) P
(the Bayesian density estimate under a DP mixture model can be obtained and Gj ;; DP( +mGo= ( +n) “Go( )+ ( +n) = i)

without sampling from the posterior of G) Hence, after tting the marginalized version of the DP mixture model (i.e.,

Analogously, weﬁan obtain posterior momerts for linear functionals with G integrated out over its DP prior), using one of the available MCMC

H(F(:G; )= H(K(: : )dG() (Gelfand and Mukhopadh yay, 1995) | methods, we can obtain draws from the posterior of G

for linear functionals, the functional of the mixture is the mixture of the For each posterior sample ( b; b; b; b), b= 1;::;B, we can draw Gy, from

functionals applied to the parametric kernel (e.g., density and cdf p(Gj b; b; b) uUSINgG:

functionals, mean functional) I the constructiv e de nition of the DP with a truncation approximation

How about more general inference for functionals? (Gelfand and Kottas, 2002; Kottas, 2006)

I interval estimates for F(yo;G; ) for specied Yo, and, therefore, (pointwise) I the original DP de nition if we only needsample paths for the cdf of the

uncertainty bands for F(;G; )? mixture (and y is univariate) (e.g., Krnja jic, Kottas and Drap er, 2008)

! inference for derived functions from F(;G; ), e.g., cumulativ e hazard,

log(l F(:;G; )) or hazard, f (:G; )=(1 F(;G: )), functions? Finally, the posterior samplesGy, yield posterior samples

I inference for non-linear functionals, e.g., for median, and general percentiles? fH(F(;Gp; b)) :b= 1;::Bgfrom any functional H(F(;G; )) of interest
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Metho ds for posterior inference
P

4.2. Conditional posterior simulation metho ds

The main characteristic of the MCMC methods of Section 4.1 is that they
are basedon the marginal posterior of the DP mixture model,

p( ;; ; |jdata), resulting after marginalizing the random mixing
distribution G (thus, referred to as marginal methods)

Although posterior inference for G is still possible,it is of interest to study
alternativ e conditional posterior simulation approachesthat impute G asa
componernt of the MCMC algorithm

Most of the emphasison conditional methods basedon nite truncation
approximation of G, using its stick-breaking represertation | main
example: Blocked Gibbs sampler (Ishwaran and Zarepour, 2000; Ishwaran and
James, 2001)

More recert work basedon retrospective sampling techniques
(Papaspiliop oulos and Roberts, 2008)
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Metho ds for posterior inference
T ————

Replacing G with Gy (p;Z), whereZ = (Z1;:::;Zn ), in the generic DP
mixture model hierarchical formulation, we have:

. ind:

NE ©o k(i )y 1= Linnn
ipz M Gh; o i=1unn

. ) .
Pz fpi )N, oz )

D pC )pC Jp( )

If we marginalize over the ; in the rst two stagesof the hierarchical
model, we obtain a nite mixture model for the vy,

P
f(;p;2Z; )= pk(;Z; )

N

(conditionallyh on (p;Z) and ),Pwhich replacesthe countable DP mixture,
f(:G )= k(;; )G()= 1 k(;#;)
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Metho ds for posterior inference

[
Blo cked Gibbs sampling: basedon truncation approximation to mixing

distribution G given, for nite N, by

X
Gn()= poz()

‘o1

I the Z-, = 1;:;N, arei.i.d. Go
I the weights arise through stick-breaking (with truncation)
1 N{ 1
pr=Vi; p =V @ V), "=2u5N 1 pn = @a V)
r=1 r=1

wherethe V-, " = 1;::;;N 1, areii.d. Beta(l; )
I choice of N follows guidelines discussedearlier

The joint prior for p = (p1;:::;pn ), given , corresponds to a special caseof
the generalized Diric hlet distribution (Connor and Mosimann, 1969),

X X N o2
fipi )= " *pv '@ p) '@ (it ) P (@ o)t

=1
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Metho ds for posterior inference
T ————

Now, having approximated the countable DP mixture with a nite
mixture, the mixing parameters ; can be replaced with con guration
variables L = (L1;::;Ln) | eadh L; takesvaluesin f1;:::; N g such that
Li="iff =2 ,fori=1;:5n; = 15N

Final version of the hierarchical model:

yiizit; ™ kiiZus )i i= Lunn
Lijp rd: Yop (L) i=1unn
pj fpi )
Z ] " Go( ) T = LN
. p( )p( )p( )

Marginalizing over the L; in the rst two stagesof the nB)deI, we obtain
the same nite mixture model for the yi: f(;p;Z; )= !\‘:1 pk(;Z; )
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Simulation-based model tting

Gibbs sampling for posterior distribution p(Z;p;L;; ; ] data)
Updating the Z-, " = 1;::;N:

I' let n bethe number of distinct valuesfL; :j = 1;::;n g of vector L

! then, the posterior full conditional for Z-, * = 1;:::; N, can be expressed
in general as:

) Y Y
p(Z j s data) / go(Z] ) k(yiiZo, 5 )

j=1 fi:Li=LJg

P if " 2fL; 1) = 1,25n g, 2 is drawn from Go( | )
I for =1L;,j=2L:un,

Y
p(ZLj j i data) / go(ZLj i) k(yi;ZLj; )
fi:Li=ng
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Metho ds for posterior inference

The posterior full conditional for p: p(pj ::;data) / f(pj )Q”zl p!"'\

where M- = jfi:Li = "gj, = 1;:;N
I results in a generalized Diric hlet distribution, which can be sampled
through independert latent Beta variables

ind: P N N
[BEAVA Beta(L+ M-; + _.., M), =1:;N 1 p
P p=Vi;p =V @ Vi) =2mN Lpy=1  Ytp

Updating the L, i = 1;::;n:
I ead L; is drawn from the discrete distribution on f1;:::; N g with
probabilites pi / pk(yi;Z; ), "= 15N

Note: the update for each L; doesnot depend on the other Lio, i°6 i |
this aspect of this Gibbs sampler, along with the block updates for the Z-,
are key advantages over Polya urn based marginal MCMC methods

The posterior full conditionals for , , and also have conveniert forms:
L Qv . .
Uop( jusdata)/ p() “iy k(yisi; )

' p( j:;data) / p( )Qf“:l %(Z:j ) (which can also be expressedin
terms of only the distinct ZLJ_ cp( jundata) / op( ) j"zl go(ZLj i)

I p( jundata)/ p( ) M py, which with a gamma(a ;b ) prior for
results in a gamma(N + a 1'6) logpn ) full f_;)onditional (for numerical
stability, compute logpy = log ~ M, "1 V; )= M, 'logl V;))

The posterior samplesfrom p(Z;p;L;; ; jdata) yield directly the
posterior for Gy , and thus, full posterior inference for any functional of the
(approximate) DP mixture f(;Gn; ) f(;p;Z; )
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Posterior predictive inference

Posterior predictiv e density for new yo, with corresponding con guration
variable Lo,

. RR Py .
p(yo j data) = K(Yo;ZLo; ) oy P ~(Lo) p(Z;p;L;; ; |data)
dLodZ dL dpd d d
P .
= N, pk(yo;Z; ) p(ZipiLi; ; jdata)

dZ dLdpd d d

E(f (yo;p;Z; ) j data)

Hence, p(Yo j data) can be estimated over a grid in yo by drawing samples
fLob:b= 1;::;Bg for Lo, basedon the posterior samplesfor p, and
computing the Monte Carlo estimate B > [, k(Yo;ZL,,; 1), Where B is

the posterior sample size
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