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Goal

The primary goal is to develop a response surface

for a variety of flight conditions.

• Running a standard experiment is infeasible

• Wind tunnel experiments are expensive

• Computing is relatively cheap

• Mathematical sophistication is increasing

Thus a computer experiment is used



Rocket Booster Simulations

Inputs

• speed (Mach number)

• angle of attack (alpha)

• side slip angle (beta)

Outputs

• lift

• drag

• pitch

• side-force

• yaw

• roll



Computational Fluid Dynamics

• Solves a system of differential equations over a fine mesh

• Systems are different for sub-sonic and super-sonic flight

• Takes 5-20 hours on a supercomputer

• May not always converge exactly

Old approach: run over a full grid of possible input values, then use the

output to fit a response surface.
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Our Approach

Combine modeling and sequential experimental design.

• Start with an initial small run

• Fit a model and estimate predictive uncertainty

• Choose new run locations based on uncertainty

• Attempt to put more effort in “interesting” regions

• Bayesian approach allows full uncertainty estimation, which is needed

for the design steps



Gaussian Process Models

Traditional approach to modeling computer experiment output is a

Gaussian Process (GP) (Sacks et al., 1989; Santner et al., 2003).

• Nonparametric spatial model

• Fit linear or polynomial trends with spatially correlated deviations

• Correlation between two points depends on their distance

• Result is a smooth yet flexible surface



Gaussian Processes

Z(x) = Xβ + W(x)

Z model outputs

x an arbitrary input value

X model inputs at all currently known data points

β linear trend coefficients

W mean zero spatial process



Estimation and Prediction

For observed outputs t, the predictive density at a new point x is

Gaussian with

mean ŷ(x) = k>(x)K−1t, and

variance σ2
ŷ(x) = σ2[K(x,x) − k>(x)K−1k>(x)],

where K = 1
σ2C and k>(x) has elements K(x,xi)



Drawbacks

• Scales poorly — matrix inversions are O(n3)

• Strictly stationary — our data aren’t

• Predictive error depends only on aggregate (not nearby) previously

observed responses

• Model assumed to be known



Solution: Partitioning

• Use a binary tree structure to recursively partition the space

– Allow multiple splits per variable

• Fit a separate GP on each partition

• Fitting of tree structure and GPs is done simultaneously through

MCMC

• Extension of partitioned linear regression model (Chipman et al.,

2002)

• Nonstationarity achieved through partitioning



Tree Example

How a tree T recursively partitions the input space:

X[:, u2] < s2

X[:, u1] < s1

T : diagram

{u2, s2}

{u1, s1}

X[:, u1] ≥ s1

X[:, u2] ≥ s2

D3 = {X3, Z3}

D2 = {X2, Z2}D1 = {X1, Z1}

D1

D3

u1

D2

s1

s2

T : graphically

u2



Hierarchical Model

Conditioning on tree T , in each of the R regions: {rν}
R
ν=1

Zν |βν , σ
2
ν ,Kν ∼ N(Fνβν , σ

2
νKν) σ2

ν ∼ IG(ασ/2, qσ/2)

βν |σ
2
ν , τ

2
ν ,W, β0 ∼ N(β0, σ

2
ντ

2
ν W) τ 2

ν ∼ IG(ατ/2, qτ/2)

β0 ∼ N(µ,B) W−1 ∼ W ((ρV)−1, ρ)

with Fν = (1,Xν), and W is a (mX + 1) × (mX + 1) matrix, and

Kν(xj,xk) = K∗

ν (xj,xk) + gνδj,k

for nugget g and true correlation K∗ is separable:

K∗

ν (xj,xk|dν) = exp{−
∑mX

i=1 |xij − xik|
p0/diν}

Mixture gamma priors on dν and gν encode non-stationarity



Fit with MCMC

Sample from the joint posterior of (T , θ)

(Richardson & Green, 1997; Chipman et al., 2002)

• Tree process prior for node η at depth qη ∈ T :

psplit(η, T ) = a(1 + qη)
−b

• Average over T with reversible-jump MCMC (RJ-MCMC)

• Tree operations: grow, prune, change, swap, and rotate

Gibbs sampling for all parameters except the correlation, which requires
Metropolis-Hastings



Simulated Example
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Simulated Example Results
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Motorcycle Data

(Silverman, 1985)

Data features:

• non-stationary

• input-dependent noise

• popular in recent literature

(Rasmussen et al., 2002)

DP-mix of GP (DPGP)

Treed GP model:

• ∼ 3 regions

• notice step-wise transition

from middle to right region

• > 10x faster than DPGP
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Adaptive Sampling

Active Learning / Sequential Design of Experiments

• select future design sites to improve our knowledge (model)

• maximize some measure of utility

– quadratic loss on parameter estimates (A-optimality)

– Kullback-Leibler distance between posterior and prior

(D-optimality)

– Kullback-Leibler distance between posterior predictive and prior

predictive — equivalent to minimizing predictive variance

• points may need to be chosen in batches



Issues

• Design approaches in the literature assume the model and its

parameters are known

• Standard designs tend to push points to the boundaries

• Need to select a list of multiple points

• Need to deal with pending data (experiments currently being run)



Our Approach

• Select a set of spatially spread candidate points using a Latin

Hypercube or D-optimal design

• Prioritize the list based on estimated predictive variance

• Predictive variance estimated with MCMC

• Use currently known data plus fitted values at pending locations

• Iterate as new data becomes available



Adaptive Sampling Demo
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Rocket Booster Example

• 3 inputs, 6 outputs

• Each sample requires 5-20 hours computing time

• Non-stationary

• Fit independent treed GP for each response, use standardized average

of predictive variability



Adaptive Sampling on LGBB: Lift
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Adaptive Sampling on LGBB: Lift
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Adaptive Sampling on LGBB: Drag

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  1  2  3  4  5  6
-5

 0
 5

 10
 15

 20
 25

 30

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

Drag

Mean posterior predictive -- Drag
fixing Beta (side slip angle) to zero

Mach (speed)

Alpha
(angle of attack)

Drag



Adaptive Sampling on LGBB: Pitch
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Adaptive Sampling on LGBB: Side Force
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Adaptive Sampling on LGBB: Yaw
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Adaptive Sampling on LGBB: Roll
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Adaptive Sampling on LGBB
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Conclusions

• Can create a surrogate model during sequential experimental design

• Can model nonstationarity

• Can greatly reduce necessary computing time

• R package available on CRAN

http://cran.r-project.org/src/contrib/Descriptions/tgp.html
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